
PSYCHOLOGICAL ANALYSIS OF THE 
FUNDAMENTALS OF ARITHMETIC 



PSYCHOLOGICAL ANALYSIS 
OF THE FUNDAMENTALS 
OF ARITHMETIC 


By 

CHARLES HUBBARD JUDD 





THE UNIVERSITY OF CHICAGO 
CHICAGO -ILLINOIS 





CorvticnT Bt 
T ire Ivivnsfrr or Cbicaco 

Ml Rights Reserved 
PubbsW Febniaiy 1917 




ACIwNOttXEDGMENTS 

The csUgaiions rcporlcd m this monograph v.crc made jiossvble l>\ 
a grant from the Commonwealth Fund The author of the monograph is 
under 'peaa! obligation for assistance to the follomng ^V A BrowTicIl, 
who assisted in the anal^’sis of mthmclic textbooks \V G Black, J C 
McMillan and O \\ Trapp, who operated the apparatus during a num 
her of the experiments and four Icadiers of the Unuersitj Elementarj 
School of the Unis ersitj of Chicago, namelj , \'ina Jacob, Ada Polking 
home, Helen r Cook, and Adahne Sherman who assisted m the expen 
roents with pupib and reported their obsersations, as shown m sections 
of chapter lu Obligation is also to be acknowledged for co-operation on 
the part of a number of uni\ersil> students and elementary school pupils 
who participated as subjects m x^anous phases of the mvesUgations 

C H J 

October, 191$ 



TABLE OF CONTENTS 


List of Tables ix 

I COCSTIVO AS AN IvDtVIDtIAL AutUTT AND AS A RACIAL MODE OF 

Dealing i\Tnr E'O’esje.ncps i 

n CocNTiNG BY Adults i6 

III Counting BY CniLDRES 37 

I\ Analysis OF Ivon iDLAL Cases 53 

\ Labce Numbers ANT) Number CoinjWATiONS 71 

VI OUTLIXESOFA PSiafOLOC\ OFITIE rcVDAiCEVTtLS Of ABmUfETtC gj 
Index xx9 



1 1ST or TADl rs 


I I- RBOsi Madf h\ Fut ScsjrcTSis CocvTiNO Sj sirs or ‘Jot vi>s 

II ToTAt Ncist CR or i #»ORS Mxor b\ f jiai or I ort\ SLBjtcrs 
l\ CocvTiNC rt[E Si *n^ or Sot vik I istfd is TAirtc I 

III Tora \cvnrs or Fssoas Maoj ns Fortv Svijicia iv 
C orsTisG StBiES or Socvds 

1\ Fisoxt-s "MADt Bj Inr Stu/icrs rs Cdivtisc Vsjjs or 
iLiSHESorlirnr 

\ Tortt Nr«ri r or I bbohs Made n\ Exai or loan Sni/tcr^ 
IS Cot-vriNC Titt ‘^rerts or iLASiirs or Lictit I isted is 
TAULt IS 

\1 TcfTAt \tninc* of LksoRa Made by Iobt\ St-iijrcrs is 
Cots-rtsc Suits or Flasiua or Licin 

\1I Lrbobs Maoc by Tiiscr Stnjrtrs is tois-risc Srsirs or 
Iwsiirs or Linir Cu»s t stint \abioi a Conditioss at Tirr 
Rate or Font pfit Srcos-o 

Mil EsiitOBsMADr n\ lot* StitjEcrsis CoisTisc SfBiEs or Taps 
os TTIE BaCR or TIIF Haso 

t\ Nciinr* Aso Rate or Tapmso MovEuts-rs asd NtuurR or 
Taps RrroBTEo by TitBri Svbjects 

V M'i.iAC.T NonsEX or Secostw Reqvised by Fue Svbjfcis is 
C oosTisG Sariols Series 

\I Totae Nimsir or Errors \Uoe by Twenty PtriES is tiif 
Fiith Grade is Coitstisc Series or Sotstis 

Ml Totav Nvmber oi Errors Made by Twenty 1 upiis is Laoi 
Grade is Coirviisc Series or Solsds 

XIII Total IsAKCEz or Frkors Made by TwEs^v I opilsts Fach 
Grade in Coos-nsr Series or FiAsnES or I iciit 

XI\ Resclts or Observations Made wtitui Thirty two Iirst 
AST) Secosh-Grade Ciiilores Were Coostisg Serifs or 
Soirois AST) Series or Flashes or Light 

M Errors Made nv Twenty Sl-bjects in Couvrisc Series or 
SOLS-PS 


35 

26 

37 

37 

aS 

JO 

J> 

33 

33 

39 

40 

43 

54 



LIST OF TWLES 


\\T Errors "Mvde by Twe'ciy Subjects in Cocvm,c Series or 

Flashes or Licirr 57 

■'an Scores AfADE by Twevtv Subjects on the First Sey'en 
Sections or the Cleytlavd Scr\xy \RrniuETic Test 

■'C\ III Errors JIade n\ Trxnxy Subjects is Counting Series or 
SnrcLTVJfEOLs SouNTJs ANTJ Flasues or Light Ciyxs at the 
Rate of Fiyx per Secont> 63 

■NJX. Errors Made b\ Four Subjects in Couvtinc Series or 

Flashes or Light before and after Tradonc 66 

XK Errors Made by Tbo Subjects in Counttnc Series of 
Flashes of Light Four Weeks after the Tralninc Was 
Completed 6S 



aiAmR 1 


coLvnsr. \s \n isimiDUxi \mur\ \sd \s a r.\ci\l 

MODf OF DL.\U\0\\lT!IIAILkIfACFi> 

IVTSOPLCTIOS 

The iti\«lifp.tion3 rcporteU m ihis monograph deal wilh ihc mental 
processes of adults and chil iren nhen thev art counting or mating the 
simpler numljcr combinations Tht reader can gam a general understand 
tng of some of the melhoils cmplo\e<l ami of the U-pc of psjchological 
conclusion rcaclieil if 1 e will tr\ a few simple experiments which require 
no more elaborate c<tuipment tlian a watch a pencil, a sheet of jiapcr, and 
a boot 

Ml \SVR1\C R\TIS or COtMISr ALOLO 
The first capcrimtnl consists in counting aloud as fast as possible for 
ten seconds, u«mg the number names from one to ten inclusisc and 
repeating the senes as often as possible The result will be somewhere he 
tween SIX and nine senes depcndingonthenuenc> oftheinclividual The 
second expenment is bke the frst except that the number names from 
‘one to twcnls inclusive arc used The counting which mvoKes the 
articulation of the longer words— eleven twelve thirteen etc — 
wall cover in the aggregate from to percent fewer numbers than the 
counting which is limited to the use of the number names from one to 
‘ ten 

cot'NTisr sitrvnv 

The third and fourth cxpcnmenls arc litc the first and second except 
that the counting is done silcnth The results when one counts silently 
are in most instances not verj different from the results secured m count 
ing aloud There arc a few persons who art slower in silent counting than 
in counting aloud A few are faster ftlialcvcr the variations m rate of 
silent counting from the rate of counting aloud the relation of the aggre 
gatenumlicrcovcredwhcncountingupto ten to the aggregate numl er 
covered when counting up to twenty is the same for counting silently 
as for counting aloud Counting up to twenty is accordingly shown to 
be slower by an appreciable percentage m all cases 

ALL COUNIILO INVOLVTS l«r USE OF NUitHFR NAMFS 
TliP fact that ihenteofcounlinguplo twenty is slow as contristevl 
with the rateof counting up to ten lhrowslghlonlhcps>chologj ofall 
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counUn^ TJjc slower ntp of counting up to “t»cnt>” males it dear that 
counlmg Is a mental process which uses numl>cr names and depends for 
Its rate on the character of tljc numlicr names cmjdovcd The mental 
process of counting up to "twentj " is sfow under nil conilitions because 
the number names from “eJeven” to “twentv” arc elaborate Jvumber 
names are the (li.\ ices or means which the mmd has to use in performing 
Its processes of tnumenlmg rspcmllj significant is the fact that the 
pa\ chologica! process in\ oK cd in counting is not freed from its dependence 
on number names c\cn when one counts silentl> Most obieraers note 
that there is a strong disposition during silent counting to make move 
ments with the tongue and with the vocal apparatus Some persons, m 
dec<?, are so distuHicd bv thedemand that the; suppress articubtion that 
the; count more slowl; silent!; lhanaloudand sometimes become entirely 
confused, cspcciallj between "eleven” and “iwcntj ” 

COtTsme BEaOND "rWE'.TV” 

Similar expenments can be tried to determine the rale of counting 
from "twentj-one” to "thirty,” from “ihirt>-one” to ' forlv,' and so on 
It wdl be found iJiat (hcreare three distinct methods of counting in these 
sections of the number sj-stem Some persefns give full emphasis to the 
"Uvent> ” part of each of the number names from "lwent> one ’ to "Lwen 
tj nine ' In botli oral and sdent counting, the; use the fuU words "twen 
l;-one, ' ‘ twent; two,’ and so on A second group of persons slur the 
"ivvent; ’ and lay emphasis on the "one,” "two,” ' three ” A third class 
of persons omit altogether the "twent; "after the first use of the word to 
mark the transition from 'nineteen ’ They sa; "twent;, one, two, three,” 
and so on, until thev reach "thirty ” Those who belong to the first group, 
that is those who use the ‘ twent; ' with full emphasis, are slow Those 
who omit the "twenti "thirt;,” "/ort;, ’ and so on are rapid, but, m 
counting long senes, the; arc likel; lo make mistakes, the; sometimes 
repeat a decade or omit a decade The persons who have learned to slur 
the name of the particular decade are intermediate la speed and, as" con 
trasted w ith tlie v er; rapid group, are sure of their position m long series 

REL.4TIOV or TVPPttC AVD COU^^^G 
The render who has tned the espenments thus far desenbed can now 
carry the anal;-sis of his countmg somewhat farther Let him take a penal 
and a sheet of paper and, with his watch before hun, make as man; marks 
ashecanb; tapping on the paper for ten seconds On counting the marks, 
he will find a \ eiy striking similanty between the number of taps made 
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and the aggregate number avhich he cohered when be counted up to "ten” 
for ten seconds In other words, the rate at which one can send motor 
impulses to the hand is \erj doscl> related to the rale at which one can 
send simple motor impulses to the \ocal cords There is evidenth aclose 
relation between the Iw o kinds of action A further important fact to note 
in this connectiorf is that both making marks and counting bj using the 
number names from "one" to “ten* are among the most rapid reactions 
of which an rndnidual is capable If one tnes to tap wath the foot or to 
nod the head as fast as possible, one finds that the rate is slower than that 
attained m counting or m roakmg marks Counting b> means of the 
number names from “one’ to ‘ten’’ is thus shown to be a verj fluent 
process 

itATCntNG THE NtniBCR SERIES TO MSUtL OBJECTS 
Let the experimenter now change conditions once more This time 
the effort is to disco\ er how rapidlj one can count a senes of objects The 
most a^'albble senes of objects for con>en)ent testing outside the labora* 
torj wall be found in the letters on a printed page The experiment re 
quires that the e%es be fixed on the page and not on the individuals 
watch A con\ement method of procedure is as follows Let the cxperi 
xnenter place his pencil on a letter at the beginning of a line and then look 
at his watch until the second band reaches one of the major points on 
the dial Let hun now look away from the watch to the book and count 
letters as fast as he can Let him count until he has covered as many let 
ters as be coveted numbers when he counted aloud from ' one to ‘ ten ’ 
for ten seconds In order to make the experiment strictly comparable with 
the first experiment, the experimenter should use only the number names 
from “one* to ‘ ten” in counting When be has coveted from sixty to 
ninety letters, as the case may require, let the experimenter look at his 
watch He will find that heconsumed from twenty to twenty fiveseconds 
m counting as many letters as he repealed number names from “one to 
“ten" in ten seconds EvidentU the application of number names to a 
particular series of objects involves somethmg more than the mere ability 
to say the number names There must be some discnmuiation of the 
objects counted and there must be an application of the separate number 
names to the individual objects discriminated 

Counting \ isual objects is thus seen to be a complex process The per 
son who counts has within himself an established series of reactions which 
he has so fully mastered that he can execute them at his maximum physi 
©logical rate When he attempts to apply his developed reactions to ob 
jects which he secs with his ^es, he cannot react with the speed that is 
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possible when he is merelj repeating the number names silently Counting 
things IS a more complex process than repeating the names of the numbers 

INDIVIDUAI. MFrEllENCCS IV COUNIIVG 

If the reader can e\tend his inquiry b> experimenting on a number of 
persons heyviJlfindsomefurtherinterestingf-icts He mU find tiiat there 
are marked mdmdual differences in all the processes under discussion 
Differences in rate will be especially conspicuous if the experiments are 
tried on both adults and children If certain children beloyy the age of 
ten are obsery ed the rate of tnunting will be found to be \ er\ slow The 
relative complexity of the different kinds of countmg will hoyye\er be 
found to be the same in spite of the mdividual differences which appear 

cotjNxmc AS an ACirya psocess 

On the basis of the facts presented seieral ps) chological generaliza 
tions are justified First countmg is an active process The individual 
yy ho counts IS not a passive recipient of impressions impressions hovyeyer 
strong m themselves do not bring the number senes to the mmd The 
number senes is something which the individual imposes on the world bj^ 
his activ e re'iponses Second it is evident that the aclty e process iny oK cd 
in counting is related to the mdiyndual s nervous organization and cannot 
take place any faster than the nenous s>‘slcm can send out motor im 
pulses TJiird the differences between the rates of various kinds of count 
ing which are exhibited regularly by children and adults lead to the con 
elusion Chat the active process of counting is one which matures iwth age 
and experience Fourth the evidence shows that the rate of counting 
depends on the complexity of the reactions mv ol\ ed When the reactions 
arc complex as in the use of the number names above ten, (he rale is 
slow Finall> , ev idence has been presented which shows that the ipjilica 
tion of the activ e process of counting to perceptual objects such as letters 
on a printed page mvoUes processes other than the mere repetition of 
the number series 

■nTrS OF IVIDENCE onujl TIIVN TIIVT DESIVan 
jTBOii ixprsisiLTfryiios 

In addition to the foregoing cxpcnmcnlal evidence there arc two 
groujis of facts vyhidv the reader sliould have in mind as rtlcvant to the 
investigations to be reported in this monograph Tlic first scries of facts 
IS denved from the experience of tcadicrs who give courses in arithmetic 
anil ob'crvc the diflicullics which pupils encounter The sccon I senes of 
facts IS contributed b^ social f«ycboIpg} and is derived from an account 
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of the struggles through which the race h^s passed and of the results 
which ha\ e been achiev ed in the course of the perfection of the number 
sj-stcm 

VUltFROUS F \1LURES IN SOtOOL COOBSCS IN UtmiUFTIC 
Teachers find that more pupils fail m anthmetic than in anj other 
eleraenlaiN subject Pupils who arc altogether normal in intelligence 
sometimes show a Hck of master> of number This fact has letl to the 
belief that the understanding of number depends on the inheritance of a 
specialkind of abiht) There arc not a few mature persons who saj frank 
Iv that the\ can do nothing with number These same people can read 
which pro\es that the> are not tacking in general intelligence or in ability 
to use symbola In like fashion, it has been showai m school surv ej s* that 
m manj cases pupils who can read fail to satis{\ the requirements in 
arithmetic The fact that pupils find number less easy to master than 
reading furnishes a n erj strong motive for intensive psychological stud> 
of number ideas 

Not only is the learning of arithmetic found to be difficult, but it is 
found in the course of school experience that the difficulties m this subject 
are cumulativ e If a pupil m one of the lower grades fails to understand 
some phase of the number work he wall become increasingly confused 
In this sense, arithmetic is a more sequential school subject than any 
other One can omit a section of geography or history and yet be fairly 
intelligent m other sections of the «ub)ect one can fail to learn certain 
individual words and yet be competent m dcabng with the ordinary vo 
cabulary used m school textbooks In arithmetic the pupil is confronted 
by a system of expenences which hold together m a umque way The m 
net coherence of the sections of arithmetic is owe of its virtues It makes 
possible a type of sequential teaching and satisfactory review impossible 
in other subjects These same characteristics however make anthmetic 
the despair of anyone who has failed to understand any of the essential 
earlv steps in the subject 

rmiCULTIES IN ARiniUETIC OrXEN 
SUBJECnVZ AKW OBSCVJRZ 

The difficulties which jiujiils encounter lu imdmmndiq^BjAmher 
are often unrecognized by teachers * A large part of the pupil s activitv 
in solving a ptobkiw in aiiUimetic k not open to external observation 

•Charles Hubbard Judd iTtusurt^glheWcrka/litPailicSclaols pp 26-29 
Nork Russell Sage roundaUon 1916 

»G T Busnell mth ihc co-operauonof Lenore John /) ajnorf eilmfrei tn InfA 
melie pp I a Chicago Department of Education Umi-eraty of Chicago 1926 
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PRIMITUT NT^MBFR SiSTFMS LlinXED 
WTiat we kno\\ about pnmiti\e number ss"stcms as re\eilecl through 
a slud\ of practicca among sem> cnilizcd peoples of the present da\ and 
through an anaUsis of the histot> of tlie number names makes it clear 
that the first discrimination of things bj human minds was limited to 
the recognition of small groups of objects At first there were no dc\ ices 
such as tho e which number systems suppK to modern men for dealing 
with groups of things The precis" comprehension o^ man\ things and a 
definition of their number of the magnitude of any group could not 
take place wathout the c\oluUon of complicated dc\iccs for enumerating 
and recording \ strikmg example of the need of some method and means 
of thinkmg with precision is found in the fact that e%cn m our owai daj 
the Apache Indians of Arizona keep a record of their ponies bj carrj ing 
a little sack filled wath pebbles the number of which corresponds to the 
number of ponies m their drove If an Indian loses his counters heisverj 
much confused He has no other means of determining w ith exactness the 
extent of his possessions 

NUUDER \NT) RO.CE OF \TTEMJOV 

The fact that the mind must have some device for arranging and 
recording its experiences of roanv things is explained b\ the limitations 
of human attention The range of objects which can be recognized m a 
singlefieldofattentionisver> hmiled An observer can discriminate three 
or four objects with definiteness but he becomes confused if he is con 
fronted bj a group of twelve or fifteen objects In order to hold fifteen 
objects m mind an observer roust subdivide the large group or use some 
other dev ice of simplification He must also be able to record m some w ay 
the various steps which he takes m subdividing the large group 

The race struggled for a long time in solving the problem which was 
created by the limited attention of the human mind on the one hand and 
bv the desire to gam precise knowledge of large groups of possessions on 
the other The Latin word calculus means a pebble and our English 
dernativesfromthisword suchastheverb calculate furnish philologi 
cal evidence of the fact that the Romans like the Apache Indians helped 
themselv es in gaming precise knowledge of large groups of objects by using, 
pebbles 

FINGLRS VS COWENtENT TALLIES 

Tlie tallies which men of all ages have found most readilv accessible 
as aids in the analysis of Large groups of objects are the fingers Our 
deamal s> stem and the svstems which use 5 or 20 as basal numbers are 
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clear indications that the fingers and toes were earl> adopted bj man as 
aids to his limited range of attention 

KtniBER AS A DE\1CE FOR ORDZSI-Y UTOTKINC 
If we recognize number as an aid to the discnmmaU%t: recognition 
and grouping of objects, we shaff understand one of the facts which was 
obser\ ed m the CTpcnments with which this chapter opened It was there 
d)sco%ered that counting js an acme process The obsener counts not 
because the outer world impresses number upon his senses but because 
he IS trj ing to arrange his experiences m such a wa\ that he can compre- 
hend them Number is a device to aid thinJang, it is an aid to the mind 
It is a human invention, not a fact of the natural world 

PRIMITIVE NTTUBER NAMES BASED ON ASAlOGtES 

In the course of human effort to evolve suitable devices to aid precise 
t h i nk i n g m the presence of laige groups of objects, a great man> eipen 
ments have been tried For example, when men first began to look for 
devices to aid their thinking, thej compared unfamiliargroups with n*eU- 
known groups Thus, one writer on primitive number words records the 
use of the phrase “toes of the ostndi’' bj a primitive tnbe for “four ’ 

The pnmitiv e people who used this phrase were ev identic helping them 
selves b} a form of expression which, fulb stated, would be something 
like this “I hav e as maaj of these as an ostrich has toes ' Similar refer- 
ences to famihar objects are found m luanj bnguages which use as num 
ber names the names of the fingers and hand. 

So long as men depended on these analogies or concrete pictures to 
support their thinking, tbej could not carr) large groups of objects in 
mmd The range of objects which thej could observe with precision was 
limited to twentv at most Usuallv, it was hmited to ten or even less 
W e ma\ call the method of counting dc^nbed the method of using “con 
Crete number” 

MATURE N-CMBER NAMES NOT CONCRETE 
The stage of concrete number was passed when the number names 
began to be familiar enough «o that the pictures m which the> originated 
faded awa> and the number names began to have fixed meanings 

A senes of facts borrowed from modem language mav help to make 
clear bow this important psj chological step was taken \\ e hav e need m 
modem hfe of an ebboratc «cnes of words which will help in the discnnu 
naUon of colors tccordinglj , we btw added to the few ancient wonls, 
such as “red,” “green, ’ “5 cHow,’ ind * blue,” which help us to male the 
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grosser distmctions, a host of \ery concrete mwlern names, such as 
“orange,” “\iolet,” “indigo blue,” “pov^dcr blue," “ru\y blue,” and 
“maroon" Such color names as “orange" den\cd their meaning from 
mental pictures of familiar objects Through frequent use and increasing 
familiarity, the imagerj* gradually l>ccame less and less pronounced, and 
the color ideas came to be more and more independent. The word “indi- 
go,” which originated as the name of a plant but which is not thought 
of by most persons except as the name of a color is a suggestive example 
of the transition from the concrete reference to an object to the purely 
abstract reference to a color quality. Such color names as “powder blue” 
are derived from even more subtle references to concrete experiences. 

SFRIAL aiAlLVCTER OF ^X'S^lFR NVUFS 

In describing the quantitative aspect of groups of objects, men gradu- 
ally evolved a scries of words which came to have meanings quite Inde- 
pendent of the objects from the names of which they were originally 
derived The new meanings were made possible by the serial relation m 
which the number names fmaU> became fixed m thought Such a word as 
“five” derives its meaning m the modern numlicr senes not by recalling 
some outside concrete objects but b> taking its place m the number series 
For a full understanding of its meaning, the word "five” requires a 
knowledge of the senes of ideas to which this word belongs One must 
know “four” and “six” m order to apprehend fully the meaning of “five ” 
Not only did the senes of number names thus detach themselves from 
the objects from which they were derived, but they uUinutcly developed 
into a succession of repeated cycles which carried the mmd far beyond 
its early concrete e.xpericnccs WTien men learned that they could repeat 
the nine fundamental number names in the combinations “one and tw en- 
ty',” “two and twenty,” and so on, and when they learned to form the 
compounds “one hundred,” "two hundred,” and the like, they tran- 
scended completely iheconcretenumberswith which their thinking began 

stnJSTiTUnoN or the number navies for tvllies 
W hen fully established, the senes of number names became a sub- 
jective substitute for the talbes which were originally used for recording 
large numbers A man possessed of a fixed senes of number names can 
repeat these names one after the other until he has matched a name to 
each object He thus substitutes the repetition of number names for the 
use of pebbles or fingers or concrete images When he counts a long senes 
of objects, he has only to remember the number name which he used at 
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ihe end of ihe process Decauv, of the chiracler ol the number senes, 
iJns iiwmbtr nime represents the senes is i whole at tJie same time that 
it icr\c3 IS the device for counttnt' the fist ofijecl 

Tlic counting senes vas soon found lo I>c useful not onI> m enumcrat 
ing olijccts 1)111 nko in miking combinations TIic names 'one and 
iwcntN,' ' two and twiiiUv," ind the like suggest combinations Such 
inmes as ‘ twtntv "ihirU ,* ind ‘ fort> ’ suggest combinations of 
groups 1 here is in these cists no suggestion of combinations of groups 
like ‘ SLven and ‘ five ’ In oilier words onh the simplest and the most 
regular combinations ire thought of it first The idei of combimlion as 
distinct from the idea of mere enumeration rcquireil a long period of 
intclU'ciual evolution 

i.ARL\ Munrji sisnsts subjfct*; or speclijviivi, m-FRfST 
nicdiscoicn of number IS 1 senes of independent ideas full of imph 
cations wis i source of great mlcUectuiI stimuhiion lo ihcanaent think 
cn who first l>cgin to speculitc about the meaning of these ideas Greek 
hi3tor> tells of the speculations vvhicli were common among the Greek 
philosophers w ho w ere engrosser! in finding out the properties of numbers 
The philosophers were captivated b\ the fact that some numbers are 
relat^ to two and are what we call lodav ‘ even numbers while other 
numixrs are of a wholly different lv 7 >e and arc what we call ‘odd ’ 
Tljej aitachwl all kinds of fantastic ideas to these different t^-pes of num 
bers lumbers were thought of as male and female thej were made the 
basis Of religious speculations In the course of these speculations the 
Jaws of combination were discovercil which constitute what we know to 
da) as the “science of number ' Speculation in this case, as la many other 
cases, J«1 lo tlie formulation of modem saence 

rlMXa OF ORDER rSSENTIAl. TO THE NTJilBEll SERIES 
The fact that the number series must mamtam a fixed order was early 
recognized asa fiindamenlil necessity As pointed out before, the number 
name 'five must alwa>-s stand between four and W ’’ If ' five’ were 
variable in its position and could stand sometimes next to seven ’ and 
at otJier limes re.\t to ‘ eight,” the senes would lose its character as a 
fiaed senes. This essenlial propcrl) of the number senes is not the first 
fact which children of modern limes learn They are introduced to the 
number names which societ) has perfected long before the) have any 
oftheneedswluchledtotheuseofnurobernames Furthermore children 
are not required to pass through the stage of learning concrete number 
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mmi-s, l;ccau-A* language has long since passed mto the abstract stage. 
Numljer names are usetl by children at tint m purclj accidental order. 
They count by saving, "four, seven, three, six,” wholly unaware of the 
serial arrangement or fixltj of onler of the mcliv hlual num!)cr names In 
thU respect, children do not follow iheonlcrof racial evolution. Thcyare 
introduced to an elaborate rcadv-madc series of names, and it requires 
lime and experience to acquaint them with thcsignincancc of these names 

WRlTTf-S SVMUOLS 

The racbl evolution of the number series was greatly aided, if not 
indeed made po^iblc, by an invention which parallclcvl the invention of 
number names This second invention of major importance was the scries 
of written s>mbols which express the various numbers. Early di ilizations 
exhibit interesting experiments in the evolution of methods of recording 
numbers Tor purposes of the present discussion, it is not neccssarj' to 
go back of the sjslem of s)TnboU used by the Romans The flrst three 
numlKrs, it will be rccaUc<I, are represented in that sjstcm by single 
straight lines Evidcnil) this simple device reaches its limit of usefulness 
when four tallies arc passed Indeed, if more than throe lines arc drawn, 
the c>e begins to be confused, the picture must therefore be simplified 
A tvTJC of simplification which is adopted in our own daj when one is 
using straight lines as tallies is that of binding together four tallies by a 
fifth, which runs obliquclj across the four This may explain the origin 
of the Roman V. In an> case, it helps us to understand why the Romans 
adopted a new sj mbol for five after using straight lines as tallies for the 
lower numbers 

EVRLY SYSTEMS ENCUaUlERED BY VARIETY OF SYMBOLS 

The characteristic fact m all primitive number sj-slcms, mcluding the 
Roman, is that there are special s>Tnbols for all the higher units There 
is X for ten, L for fifty, C for one hundred, D for fiv e hundred, and M for 
one thousand The use of special symbols for the higher numbers cor- 
responds in part to the fact that in the case of the senes of number names 
it became necessarv’ to invent wholly new names, such as “hundred” and 
“thousand,” for the higher denominations The interesting point is that 
the number s>Tnbols used by the Romans are cv cn more manifold In form 
than is the senes of number names Fifty, which m its name shows a rela- 
tion to five, is recorded by a s>'mbol wholly different from the symbol 
which represents fiv e In LLc fashion, the symbol for 500 obscures entirely 
the relation of this number to 5 or 50 
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J he Konnn S) slem w clums) m spite of the fact that it is an atUvnee 
bc\oniJ nJl Ihc sv-sJenw which preceded it Hon utter)} impossjWc the 
numcrinl CTprcssjojji of motkm business nn<l science nou)d Ijcifne were 
coniprllpil to depend on the Komin syTitcm of numents iu)l ?«; rcadd} 
rreojrnized if one tries to jimgjnc stock quotitions couched in Romm 
numerals or nn cxnmpic in multiplication in which DLV is the multiph 
cand and ?vl\ is the mullipher 

Tltt \R\RIC S\?Tru A ItICIILY rFRFrCTtD S\STE« 

\\}nt «ns nccesvir) in onJer that a sistem of sjmlwls should sene 
the requirements of number tbmkin/» to the fullest possible evtent was 
the evolution of a s>siem of s>ml>oIs 
which is casv to use in miking combi 
nations The Anhic numerals have tlie 
virtue of fcprcscniing all that is repre 
vented m the senes of number names 
and at Uie same time suggesting the 
s(rictl> cjclic character of the number 
senes Jl) Its scry form 50 is shown to 
be subject to all the rules of combination 
which belong to 5 The Roman L con 
fuses thinking The Arabic 50 clarifies 
thinking 

The origin of the Arabic numerals is 
lost in the obscurities of Oriental history 
SomcM'here in India the genius 6f man 
produced this sjstem, which is one of the most important intellectual 
possessions of the race It iS suggested that the invenUon of the Arabic 
numeral senes was the outcome of experiments in social organization 
The Indian villages arc organized in such a way that there is a head 
man for every group of ten families This head man is m turn the lesser 
unit in an organization which controls ten communities A head man is a 
unit of higher order than the single family but a unit of lower order in his 
relation to the larger organization to which he is subordinated 

Another suggestion and probably a more plausible one is that the 
Arabic system grew out of evpenmentalion with the abacus The abacus 
is a calculating device used even today mmany parts of the East in adding 
numbers The abacus operates on the pnaciple that one row of talLes is 
to be used in counting up to ten and a second row of tallies is to be used 
to record the tens up to one hundred a third row of tallies is to be used 
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to record hundre<!s, and so on Hgurc i shon-s a common form of the 
abacus The string of fxada at the nght records units the second stnng 
records lens and so on The upper and Jo«er di\L«ions arc emp!o\cd to 
simphfj the use of numliers less than ten, the beads m the upper div ision 
representing m each case five beads m the lon-cr diMsion Tlic beads arc 
set m the figure to represent 5 0:7 The idea that position fs miportant m 
determining the \Tilue of a counter is clearly brought out b> this con 
lri\-ance Each licad is like c\er> other bead when it is considered without 
regard to its position Each row of beads is, on the oUicr hand wholly 
difTcrcnt from c\crj other row The ultimate significance of a unit bead 
IS derned from its relation to the whole collection of units 

srFCTAL sirvmcxNCE or zero 

Especiallj interesting in this connection is the fact that the Arabic 
number sj’slcm would be impossible without the s>Tnbol o which holds 
the tallies m place much as the wires of the abacus hold the beads of 
different denominations m pbcc 2ero u as teachers know very well, a 
source of great confusion in the muids of pupils learning how to make 
combinitions which include a mere place holder alnaN-s causes pupils 
trouble 

vujinrR AS AS AnsiRAcr system 

In general, we find that pupils experience great difficuU) m the mas 
ter) of the complex number system which modem cnilization provides 
for them The mature number system has lost all its pnmiUv c character 
istics It IS no longer concrete it does not use analogies with familiar 
objects It docs not even use the simple tallies with which the Romans 
began their system The Arabic numerals are v ery remote from primitive 
experience Pupils are introduced at an early age to this highly evolved 
product of generations of intellectual effort with the expectation that they 
will somehow adopt the perfected system and learn to employ it Perhaps 
the most impressive way of stating the situation 15 to point out that the 
number system is a highly abstract system It has no direct connections 
with the child s experience with objects It is a system that has evolved 
to the point where all its references to objects have been lost and only the 
sheerest abstractions remain 

TIIRFE WAYS OF EXFRESSINC NUSIBERS 
The nuihber system offers one difficulty which is unique m the world 
of intellectual difficulties There are two wholly different ways of makmg 
a written record of numbers One method is that of spelling out number 
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mrnM the olher is Ihnt 0 / wsmgsjTnboU which arc not names hut simpli 
sulisthtites for nimes Hurt the chiW miust learn to pronounce the 

won! 'six’ , he /nu5l Jnrn to rccogni/c the wntfen worri “six -ind he 
must also Idrn to rcaj^nve am) to use fluently the s^nihol 6 In this 
respect, nnihmctic is much more romphcited than ordtnnr} reading 
Tljcre ire two steps m reidm? 1 faepupil must imcJcrstand norj pronounce 
each word He must he nhlc to rccogm/c the stntten svord nnd to rehte 
It to iJic corrcsjwnding spoken word Here the substitution of \erbal 
s\ ml>o1s for objects ends In arithmetic, as contrasted with reading there 
15 n third step awnj from the object In arithmetic there is a numeral to 
be recognized and interpreted 

sicvs OF counts mos 

In the course of our later investigations we shall emphasize the fact 
that arithmetic f^ocs ifcioml thenumbefSiTnbo/^ The phis sign is tdded 
to the number sjmlxils The plus sign is not a numlzcr, hnd it is Dot a 
«>'non% ni for n single w ord The plus sign is represented m verbal problems 
b> mans dif^crentwords suebas'add lakctogcther and combine 
"nic plus sign IS th'’ svmbolof a relation which is to be set up among sjm 
bols Other similar ad<lilions to the sv-mbolism of arithmetic are found in 
the Signs of suhsiraction muliipticniion, and div ision 

WirorR \OT LSSTISCTTVJ, 

It IS ccrtaml> not a matter to be uondcrctj at that pupils hav e diSi 
cultj with arithmetic The race has put into the science of number its 
mature experience gathered and refined through long ages of ejqicnmen 
tatioD The child comes into the world utterly destitute of any nabve 
desire or form of expression corresponding to the Arabic number sj-stem 
There is no insUncl of number there is no native tendency to pass from 
number names to abstract s>inboU The child must be led by such m 
struction as the school can provide to a comprehension of this elaborate 
intellectual s>stem, which the race has worked out History shows that 
the modern child is offered a number s^-slem superior to anything wliicJi 
European nations were able to invent The child is gi\ en the benefit of a 
fortunate borrowing bj Europe of the most advanced thinking of the 
Orient The schools find that human nature often resists the process of 
introduction to the comphcations of anthmetic For generations teach 
ers have been bafiled by the problem of giving to pupils m a short time 
the results of generations of human thinking Tliere have been many - 
failures in the teaching of number These failures attest the difficulty of 
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tint which education attempts In spite of difTicultics and past failures, 
ho c\er the scl ool is charged with the dut\ of renewing its efforts to 
accompli'ih Us task If pupils do not come into tlie world with number 
as a rauve endowment, ihev must cullisate ideas of numl>er b> the cxct* 
CISC of that |X>wcr of superseding inheritance whicli lias been gi\tn to 
human beings namel> , the power of learning mcthocls of abstract thought 
If teachers find the teaching of arithmetic dilTicult, tlic> must analyze 
their problem and come to a fuller understanding of the mental processes 
of pupils in order that Ihev ma\ more effcctncl^ guide the pupils through 
the complexities of the number ss-stem 

ri/TirosL OF nil PRcsrsT study 

This monograph aims to contribute m a measure to the analvsis of 
number ideas It wd! dcscnlie a senes of lalx>rator> experiments and 
analjtical studies which were undertaken with a \icw to discovering the 
mental processes through tlic development of which pupils arrive at an 
understanding and correct use of some of the more fundamental anlh 
metical ideas 

The investigations here reported do not supply solutions of ail the 
educational problems vvhich confront teachers of arithmetic It is be 
licvcd, however, that thev are sufhcicnUv promising m technique and m 
findings to justlf> their publicauon as a step in a direcUon which must be 
followed in securing a basis lor new methods of leaching number to pupils 



CHAPTER II 
COUNUNG BY ADULTS 
STANDASD TESTS 

The method of investigating the achievements of pupils in anthmetic 
which has been roost comraonlj employed dunng the last tnentyfive 
jears is the method of testing individuals and groups by standardized 
tests and of comparing the scores made on these tests Through the use 
of tests, much new knowledge has been gamed about the way m which 
pupils deal with number For example, it has been clearly demonstrated 
that ability m one arithmetical operation, such as addition, may be well 
del eloped in an individual who is much belon the si ersge la some other 
phase of arithmetic, such as subtraction Furthennore, it has been sboivn 
that there are wide differences between individuals in the same school 
grade hlany pupils m the upper grades show only such degrees of mastery 
of arithmetical operations as correspond to the av erages for pupils in the 
lower grades 

ANALTStS OF TEXTBOOES, COilTWUSON OF pTDGMEJtTS, 

Aim COilPIXTE ENUMERATION OF CASES 
The findings of the tests have raised grave questions regarding tlic 
efficienc) ofpresentmethodsofteaclungnumber In the effort to improve 
the teadiing cumculum studies have been added to the investigations 
made by the testing method A number of inquiries have been made into 
the nature of the e^erascs and problems prescribed by the textbooks 
which are on most common use The opinions of experienced educators 
have been ascertained with regard to the retention or ehmmation of 
various topics m the convention'll course Lately, a number of exhausUv c 
studies hav e been made of all the possible number combinations m add! 
tion subtraction, mulUphcalion, and division It is held by some of 
those who carry on this type of investigation that each particular combi 
nation is a separate item of experience axtd must be taught as such in order 
to give the pupil complete traming in the fundamental operations. 

PRACriCAI. ARmiMEnc 

The curnculum studie hav e also been extended to cov cr tJve practices 
of societ} outside the schools The question his been raised UTiatnoth 
meticdocs the ordinary mm or woman need in cvci>da> li/c? Thestnk- 
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fact which issuM from these studies of the practical uses of anthracUc 
IS that \cr> hllle anthmctical Inowledge is reall> nc«I«I b) most people 
The growang tcntlencj which «cems to issue from such studies is ad\ ocac) 
of a drastic reduction of attention to arithmetic in the schools 

NFGLECr OF PsaaiOlOCICAL vs Itvsls OF 
ABiTiiMirncvL TKoerssrs 

Dunns the penod of testing and of anal>7ing the cumculum, little 
attention seems to have been given to a slud> of the mental processes 
through which pupils pass when Uicv trj to acquire a knowletlgc of num 
ber Some of the earlier studies of arithmetic discussed such questions as 
the ongin of number ideas and the form of thinking adopted b) pupils 
m solving number problems One of the debates which wns carricil on 
vigQrousl> during the nineties dealt with the question whether number 
ideas originated in measurement or m counting The evidences ofTcred 
pro and con were very gtncral m character as were ill the ctlucalional 
di;>cu5sions of that da) 

\erv little has Ixcn done during the last thirty five )car8 by waj of 
direct investigation of the mental precedes involved m the development 
of number ideas and m the application of these ideas to practical situa 
tions The reason for this dearth of psj chological anal) scs is to be found 
m pan in the preoccupation of students of education in tests and m cur 
nculum studies and m part in the difficult) of dcvosing methods by which 
ps)chological anal)-sc3 can be made 

NUltBER COSSCIOCSSESS AND VISUAL EXPERIENCE 
warn croups or objects 

One t)i)e of anal)^^ of number experiences which has been attempted 
b) a few" investigators and which has id general been found to be relativ c 
ly unproductive is that which employs a group of visual objects as the 
matcnal presented to the pupils Scries of dots on paper hav e been used 
The dots have been arranged in one form or another and have been et 
posed to vaew for short inlenals of time and pupils have been asked to 
judge how many were exposed This method has not been effective be 
cause the space factors in the situation have alwa)s proved to be of pre 
ponderant importance in determining the results UTien the dots are ar 
ranged three in a group at the apexes of an imaginary equilateral tnangle, 
or when they are arranged four in a group at the corners of a square or 
when they are arranged (iv e m a group as m the ordinary domino arrange 
ment of Ke spots recognition of the number is dependent not so much 
on counting as on the recognition of the form 
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AKiTjJwrijctt i-Boa'j-.fs st,«;rcntE 
TTic cli/Ticuhv afi<in^ from the confusion of number experiences with 
other phases of consciousness uhich is jffusinfcii in Uie foregoing para 
graph Is greatlj nugmcntcfi h> the (fifllcuJtj of securing from pupifs an) 
account of the wi) jn aaluch thca Unnt. about numb rs The cbiractcr 
isdc fact alioul nimilier consciousness fs that it is conditi aneef \ct) little 
b\ cxicmal impressions or b) reactfons uhich can be readil) recorded 
Number processes, like all the higher mental processes arc peculiar!) in 
tcmal processes open to inspection onh to the indisidual who is ha\ing 
the conscious experience 

It mas not be out of pface to reiterate in this connection what was said 
in the Last chapter a! out the di/Ticult) encountered in leaching arithmetic 
liccause the teacher does not know ssliat is going on in the pupils minds 
Tlic comiileaitits of the process^ mvohcd m reading numerals which 
were reaealed In the investigations of Terry' and the great vanct) of 
complicated mistakes reported b> Itusucll' as occomng when pupils at 
tempt to deal wath the four fundamental open lioos are hegeh oi erlooked 
b) leachcra because number consciousness is sub;ectn e to a more extreme 
degree Uian are am of the other forms of erpcnertce inth which cie 
mentar} education deals 

ilCTJlOOS OF TtIF PRESEST tV\ CSTtC \TIOV 
The foregoing references to iiarlicriov cstigaiions of the number eapen 
cnees of children prepare the wa) foran explanation of the methods which 
were adopted in the present laquirv These methods were devased with a 
\ lew to <ecunng numerous easily recorded reactions from the indiv iduals 
under investigation They were arranged so as to provide a wide range 
of number experiences which could be readil) controlled b) the expen 
mentor Because of the unsatisfactory results secured with \asual objects 
arranged in spatial patterns the methods adopted avoided altogether the 
combination of number with space 

Briefiy described the method* adopted were as follows The subject 
or person onwhoni the experiment was toed wus seated m a quiet room 
He was asked to give attention either to a senes of sounds or to a senes 
‘PaulUashiiigton Tetrj ffira A^rntrah treSejJ AnExptrmentii Study of She 
Rtidn-s of Iscdstel 'tumrralt and n trots tn Aul n e! e ProUf ms 'JuppJeaientaiy 

rducauonal Sronographs No i8 Cbcago Department o( EducaUon Univeraty of 
Chicago igss 

•G T Bus veil with tie co-operation ofienore John D ognosl e Slud estnAr th 
met c Supplementary Educational ifonograp&s No yo. Ciicago Department of 
Education Umrersityof Chicago ipafi 
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of flashes of light The rounds or flashes of light ^^ere controlled in rate 
b} apparatus in an adjoining room The sounds or flashes of light vierc 
\-aned in rate and number The\ were sometimes gnen at tlie rate of 
ls\o per «econd, sometimes the\ sscre gntn more rapidh at the rate of 
three, four, fise, or more per second The inters als between sounds or 
flashesof light in anj gi\en senes were alwaj s umform For example, the 
mtcra-al between <ound3 when the\ came at the rate of three per second 
was alwaj-s one third of a second The number of sounds or flashes of 
light given m successive tnals vns vaned, sometimes three sounds or 
flashes of light were given sometimes as manv as twenty In each case 
the subject, or person under investigation, was asked to record the num 
ber of sounds or flashes of light that he obscrv eel The usual procedure was 
to give at first a series of sounds or flashes of bght at a slow rale, such as 
one cvei> third of a secoml and then to increase the rale step bj step 
until the rate was one cv crj seventh orcighthofasecond at which point 
the bmit of the subject’s abilit> to count correctly was usually passed 

ATPVRATUS 

The sounds used in the experiments were produced bj an electric 
sound hammer This is a familiar piece of apparatus used in the ps> cho 
logical labontot) It consists of an electromagnet which causes a small 
steel hammer to strike against a metal base wbenev er an electric current 
passes through the magnet B> means of an electric current under his 
control, the experunenter can thus produce sharp clear sounds at anj de 
sired rate and of any desired number The flashes of light were produced 
b> means of an electric current passing through a Geissler tube The ap 
paratus necessar} to control the soimd hammer or the Geissler tube is 
somewhat complicated and the general reader who is not interested in 
laboratory technique should perhaps be advised to omit the description 
which follows 

The control apparatus is placed in a room adjoining that in which the 
subject sits This control apparatus consists of a Dunlap ten pole s>n 
chronous motor which is driven by an electnc current mterrupted by 
an electric tuning fork of the frequenq of fifty vibrations per second The 

motor supplied b> the C, H Stoeltmg Company, was remounted with 

ball beanngs so as to secure the maximum of energy for drmng the rest 
of the apparatus 

On the axis of the motor is mounted a large aluminum disk, eighteen 
centimeters in diameter In front of this disk and perpendicular fo it is 
mounted a fiber wheel ten centimeters m diameter, which can be adjusted 
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along a shaft When brought against the aluminum disk, the fiber wheel 
IS dri\en by friction In order to insure iTrni contact between the disk and 
the wheel, the latter is held against the aluminum disk by a spring The 
fiber wheel can be adjusted along its shaft so as to be m contact with the 
disk near its center, when the wheel rotates very slowly, or the wheel can 
be brought into contact with the disk near its periphery, when the wheel 
rotates rapidly The range of adjustment is ample to provide sounds or 
flashes of hght of the type required by the eiqierinientlrom two per second 
to twelve per second 

When it IS adjusted in any desired position, the Inction nheeJ can be 
made fast to its shaft by a. set screw Jfounted on the end of this shaft 
are two hard rubber wheels into which are set metal strips IVhen the 
apparatus is in rotation, these strips pass under metal brushes and thus 
make and break electric circuits The rate at which arcuits are made and 
broken depends on the rate of motion of Uie shaft, and this depends m 
turn on the position of the fiber wheel 

Two independent electric circuits are controlled by the two hard 
rubber wheels, these circuits being made whenever the metal strips pass 
under the brushes and being broken as soon as this contact is interrupted 
One of these circuits passes from the control appmlus to the eJectnc 
hammer described tn aa earlier paragraph, the other passes through an 
mductiofi cod to the Geissler tube On the way to the stimulus produang 
apparatus, the current passes through a marker, which makes a record 
each tune the circuit is made and broken The current also passes through 
a key, which is used by the experimenter to turn the current off entirely 
or to send it through the sound hammer or the induction coil 

The marker is provided with a fountafn pen The rubber tube which 
holds the ink and the section of the case carrying the pen arc the only 
parts of the fountain pen used The fountain pen is light enough to be 
readilj moved by the marker An ink bne record is traced on a strip of 
paper, which is unrolled o\er a rotating drum at the rate of one inch per 
second This recording apparatus makes it possible for the experimenter 
to secure an exact count of each of llie senes of sounds or flashes of light 
nhich he gives toa subject 

The current used in producing flashes of light is somewhat more difli 
cult to control than that which ppcnilM the sound hammer The light- 
producing current is conducted fnwn the make and break apparatus to the 
pnmarj coil of an induction coil The secondary roi) is connected with 
the Geissler tube, which is placed Ix/ore the subject Rotation of the 
motor thus produces, whenever the expenmenter desires, flashes of hght 
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controlled with regard to their rate and number just as are the sounds 
which the sound hammer produces The number of flashes of light given 
in an> case is recorded bj a marker os described m the case of the sounds 
In addition to the apparatus thus far described, there is a buzzer in 
the room with the subject which is controlled by a key in the room with 
the expenmenter B) means of this buzzer the experimenter can warn 
the subject in the next room that a series of sounds or flashes of light is 
about to begin 

PROCEDURE IV THE EXPERniENT 

The procedure m experimentation isas follows The experimenter sets 
the Dunlap motor in rotation and adjusts the friction wheel in such a 
position that it can make the sound hammer or the Geissler tube operate 
at a rate chosen as the rale at which the experiment is to begin as for 
example, a rate of three times per second He also starts the drum on 
which a record is to be taken of each time the hammer is made to sound 
or a flash of light is made to appear WTicn all is m readiness he gives the 
subject a warniDg sigrual with the buzzer and closes the circuit betw een the 
hard rubber wheel which acts os an mterrupter and the sound hammer 
or the Geissler tube He allows the circuit to remain dosed until the sub 
ject has been given four five or more sounds or flashes of light He then 
opens the arcuit and allows an interval to elapse wrhile the subject records 
the number of sounds or flashes of light which be observed After this 
interval which is usually from fifteen to twenty seconds the expen 
menler once more sounds the buzzer closes the circuit and gives the sub 
ject another senes of sounds or flashes of light After several series of 
different lengths hav e been given at the rate of three per second the fnc 
lion wheel is readjusted and brought mlo a position where it can make 
the electric circiut four times per second The subject is then given sever 
al senes at this more rapid tale rurlher adjustments give the subject 
senes at the rate of five per second sue per second and so on 

It IS also possible to give senes of sounds and flashes of light sunultane 
ously Whtn sounds and flashes of light are given simultaneous^ the 
rates of the two senes are identical 

ERRORS MADE DY FIVX SELECTED SUBJECTS IN COUNTING 
\ ARIOUS SERIFS OF SOUNDS 

Table I presents the results secured m the case of five subjects when 
sounds were given at different rates and m senes of different lengths The 
five subjects were selected from a group of forty graduate students of 
education who participated m the expenment The subjects whose records 
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Erboks Made by Five Subjects uf Couvti>.o Series of SotDfps 
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are reported m the table were selected to show marked differences m 
accurac) and are arranged m the order of their efficiency in counting 


TAILUBE TO MATOl SUBJECTIVE AND OBJECTI\ E SERIES 
The most striking fact which appears from a stud> of Table I is the 
fact that mature persons differ greatl} m their ability to count A second 
fact is that, when errors in counting appear they are most commonly of 
a type which indicates that the subject lagged behind the objective senes 
In some cases the subject was quite certain that he was nght when m 
reality he was one or more counts defiaent Such cases throw light on 
the process bj which the deficiencj was caused EMdently the subject 
had to di\ide his attention between two senes the subjective senes of 
numbers which he employed in counUngand the objective senes of sounds 
towhichhetnedtomatchhissubjectivesenes In tiying to pa> attention 
to the two series he overlooked in some cases some item or items in the 
objectiv e series He was often not aware of the lack of agreement between 
his subjectiv e counting and the objective sounds 
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There flere some cases m which the observer n-as aware of the fact 
that tiie two senes were not coinciding and was led by this awarene^ to 
continue the subjectne countmg^ter the objectiw senes had stopped 
It will be noted from Table I that confusion of this iond more conimonly 
appearsm the case of relatively small numbers The only number above 
lo wluch IS shown by the table to be overcounted is the 12 in theseries 
given at the rate of seven per second, Subject 13 reported 13 in this case 


TABLE II 

Tot^ NcHBeii op Eesobs HIade by Eacd or Fosrv Scbjicts in Commso 
TEE SEBIES of SOENTIS IjSJXD tU TaBLE I 



SPCCIAI. DirnCVtTY WITH LARCr NCSinFRS 
Inspection of Table I brings out clc-irl> the fact that miscounting 
occurs most frefiuently in the case of the larger numbers Several c.t 
planatorj considentionssuggcst ibcmselvca The opporlunilics for error 
are, of course more numerous in a long senes than m a short series Tlic 
tax on attention is reUUvcly greater m a long senes AetJed to thc>c ex 
planaUons is one which was di'covcrcd m the expenments dcscntiwt in 
the last chapter and which is conf imrd b) utpenments to Jjc rrjwrtrd in 
subsequent sections of this monograph Tire subjecliw senes of numlicr 

names becomes ver) tljflicult lo rqrcalbejoml ten that is when the 

subject begins to use number names which hav c more tfian one s> Itabfe 
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COSTIRUATIO'; B\ RFFERESCE TO RECORDS OF FORn SUBJECTS 

Tables TI anti III summanze the results for the whole group of fortt 
subjects from which the Q\ e who«e records are reported in Tabic Iwere 
selected All the statements which were made m discussing Tabic I are 
here conrrmed 

T\BLL m 

Total Ncuber op Lrboss IkfAOC sa Forty Sitijects iv Coc\tivo 
Series op Sounds 
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INFERIOR \BILXTY EXHIBITED IN COUNTING FLASHES OF LICITT 
After the tests with senes of sounds weic completed the same sub 
jects were tested with regard to their ability to count successive flashes 
of light Tables IV V and \I present the results m such form that a 
direct comparison can be made with Tables I II and HI respective!) 
Counting flashes of light is evidentl) a much less accurate performance 
than counting sounds This result is ainpl> confirmed b> all subsequent 
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results secured when flashes of light were used A number of experiments 
with jlishcs of light Will lie reported in Jatcr sections of this monograph 

TABLE IV 


Erroks W\dc bv rni: Scbjicts iv Coxrvnsc Series of Fusiiis of Light 



SENSORV CONDITIONS WOT EXTLAN \TORV OF 

Hirsui-Ts wmi FLAsnrs or light 

The dinicully in counting flashes of light is m no measure nllnbutaljle 
to the character of the usual sensations m\olv«f<I In order to guard 
against the possibthty that after images might complicate the counting 
a number of \anations were mlroduccd in the case of three subjects 
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with the flishcs pf lifiht seen through n large aperture and (i) m a ihrk 
room wnth the flashes of I ghtscen through a large aperture The purpose 
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of ft nj)crlurc \\-ns to produce a stron^jer sttmulaijon The pur 
j>o*e of dirl rnmg the roam wis to nuJ^c the fli’?hcs of h/jbl rchtiveb 
muclj I rj^htcr nm! thus to jnrrtoAc esrn mori. thin did the cnJiryement 
of thcnjHTtijrc the (fn/Jfnc> toproduceafler ifni^cs If ificr imigcs were 
in flfn decree the tiu*e of the (h/TicuU} m countin;? flishca of hght, the 
f rst fcnes of tests <?touM base produod the feist tiumhcr of errors tnd 
r\nrr Mr 
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the second and third senes of tests sfiooW hate produced successively 
larger numbers of errors &ac£J> the opposite was found to be the case 
Table VII shows the errors made by the t&ree observers That part of 
this table which shott-s the errors made when the flashes of light were 
seen m a lighted room through a large aperture corresponds well with the 
secuon of Table IV which shows the results secured with five subjects 
when thej were counting flashes of light giwn at the rate of four per 
second 
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to V ir\EL or i rriLii' c\ i' cor*Ti\c ^A5^r^ or ucnr 
ATTSiruTxnLr to ornaiscx i* rxpraicvcr 

If if e diiT ctJij m cmntmg succt»si\e of Ij-ht is not altributa 

tie to ife chTnctfr of the eipcr ence, it must !« attributed Ui 

ih- iraf ility of the sufijecl to dm Ic hw attentioT rcadiK Ixtwccn the 
subj-xiivc scnca <f numlier names »hn.h he uses m counting and tic 
fia*! c5 of light Tlic greater du7icuh\ crpencnccd hj all subjects In count 
uig Posf cs of light a.s contrastol %jth tlic diffictiliv cxpericnceil m count 
ifig sounds must l« relat«lin8«)mc*-aj to the dcsclopnicnt of cajwnence 
'rhe al lilt) to repeal tf e subjective numficr serfea must l>c thought of as 
fairlj constant for an} given mdmdual Wcarednvcn to the conclusion 
that the apji! cation of the subjective «cnrt to the counting of sounds is 
a more highlj traine«l function than is the application of this same sub- 
jective jenes to the counting of flashes of light It mav be pomicd out tliat 
throughout life the number senes u intimatelj associitcil with sounds 
The chil 1 learns numl»er names tj re|K,aling them orallv , he thus hears ns 
well as utters the numlxr names The amount of eT|>cncncc which the 
ofdin.nr> person has in counlingfiashcsoflighiisrelaiivc!} small Conse 
quenll}, Visual senes are found to be much more diflicult to count 

LXTUMtru to s tevrt or Erncirscv is cotsTiso 
TAcrt^t iirrnt^stoss 

Some experiments were tried in svhich n series of laps on the Lack of 
tlie hand wxrc substitutcvl for the senes of sounds or flashes of light There 
were 3 numficr of comiilications svludi tended to make this senes of ex 
penments somewhat unsalisfaclor> hirst it was verj difficult to adjust 
the inlensil} of the taps so as to avoid fatigue of the skin at the point 
tapped Second it was impossible to avoid accompnnjmg sounds alto- 
gether The sounds were obviated by slopping the subjects ears This 
seemed to be scnousl} distracting to one of the subjects Finally, in order 
to secure correct counting, it was necessary to use a rate slower than anj 
rate emplojcd m the senes of sounds or flashes of light It was necessary 
also to use very short senes of taps 

T1 e results of a series of tests of four subjects when they were given 
taps on the back of the hand arc rcportwl m Table VIII Fins table should 
be compared with Tables 1 and IV It will be seen that the subjects w ere 
far less competent in counting taps than m counting flashes of light Fv i 
dently, counting skin scnsationsisarclauvcly less familiar operation than 
counting flashes of light and therefore a far less familiar operation tlian 
counting sounds 



3° rS\CnOLOGIC\L ANALYSIS Or ARITilMCTIC 

COUVTINC OXB’s 0\Yif TXFPISG ifOVTiXENXS 
Experiments vere tried substituting' for passim c recepljon of tactual 
stimulations on the back of the bund a senes of acUv’e taps made by the 
subject The subject ui this case rccened tactual stimulations from the 


TABLE Vm 

ErkossIIade by rot* Sdb/icts jn Cooktino Series of Ta?s ov 
TOE Bacx of the Horo 



tapping finger, kinaestlietic sensations from tJie muscles and joints in 
\ohed and such experiences as came from the sendmg out of the motor 
impulses which produced the tapping movement Three subjects were 
tested Table IX presen tslljc results, rbesubjcctswcrerequiredtomahc 
senes of tapping mo%cnientsasr3pKib ns thc> could and to report in cich 
case the number of such nio\cmcnts 

It was found that all the subjects tested could count their ow n tipping 
movements with a high degree of accuncj even when the rate of these 
moiTmenls yvas rapid Tlie only senes which were inaccurately council 
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h rclnliicl> wcnccu \0 A fcit tests muk ^vnh ^eo Jong senes of tarv 
pmg moNcments m winch the subject vns asked to count b> using 
the numl^r mmes up to * ten’ on!>, repeating these simple names as 
min> times as necessary. Indicated that a person can count his owti tap- 
ping moicmcnts nitli nccuncs to anv numf er and at anj ntc that he 
can produce so long os he uses sunple number names 

cx^rs it axu:zcs!ov ? 

The experiments thus far j-eporledjustjfi the formulation of seiend 
general statements Tirst, there arc great individual ditTcrcnccs in the 
ibilitv to count Second i given individual exhibits wide diBereiiccs in 
abihtv mcountingdiffcrcnt (j-pcsoftxpcnences Third the competency 
of an^ indiMdual in counting «cnesofctpencncc3 more than tenmnumber 
IS much Jc^< than his competcnci in cvunting short senes The difficuliies 
encountered m counting long senes do not seem to arise altogether from 

thcnx on nUonUon bocauxelongscricscanbccounteclaecurateb ilauBi 

her names less than ten are cropIo>ed Apparently the diiHcuUv m 
counting Jong senes is due in very large measure to the complicated num 
her names which arc used m counting be) ond ten The foregoing state- 
ment wms to jusidy a fourth conclusion namelv that counting is a 
proceosconsistingmasuccessiooofinneractsnhichare in essence inner 
arbculalions of number names 

BATE or BETEATING “tUE SCRIES OF ^01I11ER \AiIES 
The importance of the fourth conclusion stated m the precedmg para 
graph IS so great that a senes of tests was undertaken mth five subjects 
for the purpose of testing its v alidil) This series of experiments consisted 
in securing a measurement of the rate at vvhich each subject could repeat 
various number senes orally and silentiv The tests here under discussion 
differ Irom the earlier tests in that the person under examination was not 
asked in this case to count aojthing but merely to repeat the number 
series 

The metfiod of this series of expenmeats vras stmp/c The subject n'as 
seated before a table on which was fastened a reaction. Le) He pressed 
don'll the kej and began to count ^\'heB he had completed the senes 
he lifted his finger from the kej la order to reduce to a mimmuzn the 
error due to the fact that the hand reaction itself requires some time the 
subject was required to make a senes of such reactions countmg continu 
ously and making a reaction witii the hand at the end of each series Thus 
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if the subject ^^•as counting up to “ten,” he proceeded as follows: He 
pressed down the reaction Ley and began to count “one, two, three,” and 
so on up to “ten,” holding the Ley domi during the counting. On rcachmg 
“ten,” he lifted his finger but went on counting, beginning once more at 
‘ one.” On reaching “ten” thc^second time, he once more pressed down 
the Ley and continued to count, beginning with “one.-" He repeated the 
series until he had made enough reactions to eliminate the error introduced 
b> the hand reaction. In a similar way, the time was determined for seric; 

of counts running from "one” to “twenty,” from “one” to “thirty,” fron 
“elesen” to "twenty,” and from "iwenly-one” to “thirty.” Table X pre- 
sents the facts secured in a number of such c-Tperiments. The time record' 


TABLE X 

Avocacz NCMDta op Sccosirs Rcqcixcd hy Tmt Scbjecis in 
C oevTiNO Vahiovs Seains 


Stethoil «( C«un(iBx aa4 Sumt«r C4 ud(«4 


Subject 


nil/’ 


Counting orally from ''on«" to ‘ t«n” 

CounUnff orally from “on«" to “twtni)-" 

Counting orally from "i 

Counting orally from 
Counting orally from "> 

Counting cilentl) from ' .. . 

Counting silently from ‘‘one” to "menty ’ 
Counung alendy from ‘'<!e^■ta” to "twenty” 
Counting silently from "tw-entj-oBe” to ‘‘thirty” 
Counting *ilentiyfrom‘‘one" to''Uitrty" 


‘‘eleven” io"twenl>’ 
. “twent>-one" to "thi 
i "one” to ‘‘thirty” 


11 


were supplied by a Jacquet graphic chronometer The record could be 
read accurately in tenths of a second Each time record is an average of 
the records m from three to five repetitions of the series counted. 


TltD subjective COtlNTINC SERIES 
Table X rev'cals a number of facts which are very important for our 
understanding of the counting process Tirst, a companson shows that, 
in general, there is a v cry close relauon between the rates of oral and silent 
counting in the case of all the subjects Subjects O and Q counted some- 
what more rapidly silently, while Subject P was in some cases slower in 
silent counting Tn the mam, however, the rales in silent and oral counti 
ing show that the processes are much the same Introspection confirms 
this conclusion, almost every person finds that silent counting involves 
incipient articulation of the number names 
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The second fact winch js edubited clearly and without exception 
Table X is that counting from ^^eleven*' to “twenty” is alwa^'S slower than 
counting from “one” to “ten ” This stitement holds for silent counting 
as well as for counting aloud Tins fact can have only one explanation 
Counting from 'eleven to “twenty” is an elaborate process, because the 
number names from “eleven” to “twenty” have more than one syllable 
and, under all conditions, require for thejr use more eiqiendjture of nerv- 
ous energy than is required for the use of the shorter number names from 
“one” to "ten " 

Third, the numbers from “twenty one” to “thirtj” were evodentl; 
dealt with by the v-irious subjects in different wa>'s Subject P, who nas 
rapid m counting was slow m counting from “twenty one' to “thirtj " 
His mtrospections showed that he tended to articulate the word “twenty” 
quite fully Subject N was fast in counting from “twenty-one ’ to “thir 
ty ” He accounted for this fact b> saying that he neglected the word 
“twenty " This habit was exhibited in bis oral counting, for he counted 
by saying “twentyonc two three, four,” etc 

Table X shows clearly that countuig is an active process m%ohing, 
in some degree, the articulation of the number names We may speak of 
a person’s ability to count as the possession of a subjective senes In the 
course of education, one learns to make a senes of ariiculitions in regular 
order The fluency with ubicb one can repeat i5)is subjective series vanes 
in different individuals but thesubjectivesencsismuch thesameuhcllter 
the person sajs the words aloud or thinks them through m his mmd In 
other words, countingisaprocessdepcndmgon the possession of a certain 
motor habit 

ATPLtCVTiaV OF THE SOUJCCTIVC SESrCS TO OBJECTIVE 
SERIES OP VVKIOCS KINDS 

The findings reported in this chapter can he summarued briefly as 
follows The tests with sounds, flashes of light and factual ctpcriences 
show that the subjectn e counting senes cannot be applied at its maximum 
rate to lights and tactual experiences and that il cannot Iw appliwj to 
sounds at us maximum rale b> most persons, although m the counting 
of sounds the rate approaches and somcUmcs «iu ifs the r He of the p-r 
son s abilUj to rtpeat the number namca A ver> close relation is found 
belwxen the two motor senes, that of lapping movements and tint of 
counting Tlie relation between counUng aud tapping is even closer linn 
the niatjon btlwccn counting sounds and the subjective counting scrim 
Tht rates of onl and silent counting are much alike, and the rail if 
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counting with longnumber names IS always slower than thentc of count 
ing with short number names 

EXPERIENCE VS A SERIES OF ORCVNTZFD PVTTERNS 

The facts reported in this chapter have a significance for the science 
of education much broader than that which appears when the> are 
thought of merely as facts about counting It has been shown tliat differ 
ent t\-pes of counting have what may be called different ‘ psjchological 
patterns ’ Each t>’pe of countmg i» a complex experience depending for 
Its special character on the individual s training and on the method of 
procedure involved The psychological understanding of counting re 
quires a studv of the v anous organized patterns exhibited m each act of 
countmg 

As it IS with counting so is it with every mental process that is culti 
'•ated m the school or m individual learning Education is a maturing of 
complex organized patterns of consciousness Education cannot become 
truK scienlitic until it discovers by the most searching mquiry the differ 
ent patterns of experience The popular use of such a w ord as ‘ countmg 
to cover a number of different kinds of mental activity tends to be adopted 
by teachers Too often they think of all countmg as one ly^pe of intellec 
tual activity As has been amply demonstrated m this chapter invest! 
gation shows that the various forms of experience which are usually 
classified together under such a term as counting are in fact highly 
complex and clevrlv distinguishable patterns of mental and physical 
behav lor 

The meanmg of such findmgs for educational practice is not obscure 
Teachers must learn to carry their studies of pupils far enough to gain 
an insight into the differences which appear in mental pallcms Teachers 
must not be misled by ordinary thmking which mdiscriminalelv classines 
together forms of mental activity that are essenliallv unlike Through a 
type of scientific insight which is much more fully developed than is 
ordmarv popular thmkmg teachers will be able to gam an understand 
mg of the difficulties which pupils encounter and will be able to devise 
more appropriate methods of teaching 

INTELLIGENT TE-VQIIVC PEMNDI-NT ON VN ADEQUVTE PsVaiOLOGV 

Teaching is a complicated process because human nature is comph 
cated It is n distmcl disservice to education to try to desenbe mental 
life as made up of simple factors The psvchologv which pictures mental 
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processes as teadil> resolved mto atoms of any Lind is worse than useless, 
it IS indefensibly misleading Mental processes are complex organued pat 
terns of behavior Such is counting sudi are addition subtraction, and 
the other forms of thinLing taught jn arithmetic, such are the mental 
processes involved in the mastery of all lessons — m reading in looking it 
maps, in leammg names and dates in history , and in acqiurmg the infor 
mation taught in nature study It behooves all who try to guide mental 
life to gam as full knowledgeas possibleof the patterns mvohed in learn 
jng and in mature intellectual processes 



ciiAPrrR III 

. COLNTINC n\ CinLDKEN 
■nTi-S or anLDRFN incicdcd iv EXPruriiESTS « 

Thu chapter will report the resulB of *1 series of measurements made 
with pupils m the Lnncrsitj I lemcnlary School of the Unuersitj of 
Chicago b) methods similar to those described m the foregoing chapter 
TwenU pupils were selected from each of the grades from Grade I to 
Grade \T inclusuc and measurements were made of their abilities to 
count scries of sounds an I senes of flashes of light In the case of each 
grade one half of the pupils \rcre chosen from among those whom the 
teachers judged to be the most competent m number work, and the other 
half from among tho«c whom the teachers judged to be the least compe 
tent In the aggregate therefore the tables m lhi» chapter report on sixty 
highK competent pupils and suet) pupils who were Jess competent In no 
case wias the pupil a complete failure m his grade The tests were given 
during the month of Ma> the pupils were therefore near the period of 
promotion into the neat higher grade 

COVOmONS OF EVPERIilESTATIO'I 

The experiment wns conducted b> tesung each pupil individualJ> 

V teacher accompanied each pupil and obscrv ed him while he counted 
the sounds or flashes of bght It is possible therefore to report a number 
of observations made dunng the expenment. rurthermore the presence 
of the teacher tended to remove an) fear or distraction The pupils talked 
freely with their teachers and made a number of comments which are 
illuminating 

It was V try difficult to secure during so long a senes of measurements 
as was necessary for the f'o pupils absolute comparability of the senes 
In the first place the number of sounds and flashes of light could not be 
perfectly controlled ^^'hcn the experimenter mtended to give a senes 
of sev en sounds he sometimes missed by a single sound and gav e a senes of 
eight or six In the second place U was unpossible to arrange m advance 
series of numbers that would be exactly comparable for all ages and for all 
stages of matunty It would have been possible to determme from the 
results secured from adults and reported in the last chapter the relaUve 
difficulty of counting various senes as for example slx sounds m one 
37 
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senes and fifteen sounds in another, but there is no guaranty that the 
weightings for mature persons would be the same as those for unmature 
persons Tiie effort to make absolutely caact eompansons was therefore 
abandoned Thepupds w ere, howe\er, given senes which ueresuffiaenl- 
ly comparable to make posable a judgment as to the t3’pe and rate of 
progress from grade to grade • 

' TABLE XI 


Total NtaiDtR or Erbors Maux bt Tnxvrv Pl-pils in the Firm Grade 
iJ» CouNTiNC SsRies OF Sorjros 



TNTlCAL KESUXTS SECURED mW SERIES OF SOUNDS 

In order to make clear tlie kind of data collected, Table XI is com- 
piled from the results secured m the case of the pupds m tiie fifth grade 
when they were gi'en senes of sounds The first ten pupils, it should be 
remembered, were selected from the better half of the grade, Pupils ri 
to so, inclusive, were selected from the slow haU of the grade It is c\i 
dentfrom thenumberoferrorsrccordedmtheettrernerighl hand column 
that ability to aiunt sounds is, in most cases, related to ability la number 
work as judged by the teacher 

The totals m the line at the bottom of Table XI show clcrrly the 
effect of increasing the rate at which sounds are giv cn The total possible 
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numlicr of mors at each rate is x6a WTien the number of errors at any 
gi\cn rate U as low as seven, thej* may be regarded as purely accidental. 
Indeed, it may said that, when the number of errors is less than one- 
fourth of the possible num1>er, the abilit} of the pupils is fair. 1 he point 
in this table at which the errors liCgm to be numerous enough to justify 
the statement Uiat the pupils of this grade arc deficient in counting is the 
point at which individual errors commonly equal or cacccd Uirec and the’ 
aggregate eacecds forty. 

ilarbed indiv idual differences arc apparent in Table XI, as they arc 
in Table II, which reports results for the adults It is quite possible to 
find pupils m the fifth grade who arc equal in the ability measured to the 
more competent adults taking part in the ctpcrimcnt. 


TABLE XII 
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COSIPVRISON OF REStLTS FROM TTIC VARIOUS GRADES 

Tables similar to Table XI were compiled for the different grades, am 
from these grade tables a general Ubic was made up which compares th 
results in the vanous grades (Table XII) 

The impressive fact exhibited m Table XII is the steady progress 
throughout the elementary grades inability to count senes of sounds No 
one who has examined this table can regard counting as a matter to be 
disposed of m any short senes of drill exercises Throughout the period 
of elementary schooling, pupils improve m ability to count senes of 
sounds First grade pupils know the number names and can use them 
With some degree of success when the number of sounds to be counted is 
small, but they can deal successfully only with sounds that are given at a 
very slow rate By the time pupils reach the third grade, they may be 
said to have become fully profiaent in dealing with the slow rates By 
the tune pupils reach the fifth or sixth grade, some of them exhibit a 
degree of proficiency comparable to that showm by adults 










4 ® I*^\ClI(»lO<;iC.\l AVAIVSISOJ AKITHMrnC 

Tnl)Ic XIII cxhjliils ilie results 8 ccurt<l whon Uic pupils were shoivu 
flasljcs of i! ntfs Ifrre, affim sfeid> pn3jrc<«s throughout 

the e?cfncniir> ‘cfiool j>cnoil is shonn tul this progress is farbehinc! 
thnl showTi in Tal 1 e \II for the counting of sounds In this ctsc, the 
f^fth f,nde pu]>ils \rere Ic^s profiaeiil \y far than were the adults Ap 
parent)), (le^elopnjcnl in this kind ofcounting is not onl) less osmpjcte 
for all individuals Init mucit slower 111111 is dcviloprecnt in counting 
soun Js 
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OTi^rp\ATio\s JMor vu}ti\c corvmo 
The teachers who accompanied the pupils vrere asked to observe 
cspcaillj whether the pupils made in) moi ewents of Uie bps or other 
4 parts of the bod) m counting Thc) were also asked to note an) sig 
mficant facts which would throw light on the methods of counting adopted 
bj thc pupils 

arroRT on tiif ruriLs in -me first \nd second pr.\des 
N ma Jacob, the teacher in charge of thirt) two of the )oungest 
pupils twent) of whom were m the finl grade and twelve in the second 
grade, reported as follows 

Thc accompanving obscnalions were made whilt thc children were doing 
the counting On entenng thc room each child was shown the instruments on 
the table and told that one of (heett pioduced souiidsjDd the other Ujshes ol 
light Ilevvastoldthithewastocountthesoaadsaiwlthcflashesoflight The 
machine in thc adjoining rtxim v as then started so that the child might kno v 
-w-hat to expect \ext the purpose of the buzzer as a sgnal to get read) to 
count was explained finalij the counting 1 as begun 

The majority of thc chfldrcn made several kinds of movements and used 
several methods of counting The most common movements and the ones which 
appeared in ilmost every case throughout the test were I p movements. 
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The folio Mng art 'ome of the obscnations made bj the teacher and vjtnc 
of the significant remarks made by the pupib 
Holding bodi tensel) at attention 
Stopping to swallow in middle of count 
Jfolding lips in position to start counting 
Twisting fingers ncrtousl) in palm 
Moving as in ctndent fatigue 
Restless twisting m chair 
\ awning 

“Arejou through’ Iwanttogo ’ (Fite j car-old bo>) 

Uncertaint) 

I think it was ” 

' I don t know llow manj did >ou count? ' 

“About three ’ 

“I couldn t count so fast 
‘ Eightl Seven I mean “ 

Confidence in accuracy 

I can count anything fast ’ 

‘ I know too much about counung to use my lips 
' I bke to count to one hundred ' 

I count to in>’8cU good and fast 
I think 1 can because I count a lot 
Preference lor Hashes of bgbt 
“Lights arc easier They go faster 
I can count the lights better 
The bghts arc easier because they arc slower 
Preference for sounds 

The sounds are easier because thej aren t so fast at the last 
Additional indisidual reactions 

Noticing odd and even numbers — These are just the opposite of two’ 
four ’ ‘six ’ eight ' 

Noticing colors m the bghts— Ob look at the pretty color m the bghts 
It s la\ender ’ 

Table XIV summarizes the observations made m the case of this 
group of pupils 

REPORT ON THE PtTPItS IN HIE SECOND AND HimD GRADES 

Ada Polkinghome, who was m charge of ten pupils m the second 
grade* and twenty pupDs in the thinl grade, summarized her observ ations 
as follows 

* The ten pup 1» uv the second grade who were observ-ed by 11 ss Polk nghome 
raided the total number of second grade pupils to twenty two In order ibat lie com 
pari'^ns of the vanoua grades m ghl be based on like numbers of pupils the last two 
pupds in Mu» Polkinghome s «econd grade group wens not included m making up the 
tables but observations are reported lor the whole group 
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Pupii 7, Grade V A, very good in antbmctic la the case of both the sounds 
and the hghts, he whispered the nuinbcrs He thought the lights were harder 
to count * 

Pupil S, Grade V A, vei> good laanthmetic Sbe counted the hghts mthout 
effort and thought that they were caster to count than the sounds In the case 
of the sounds, she moved her lips, or nodded her head, or did both In counting 
a few of^ the sounds, she lapped mth her foot 

Pupil 9, Grade V A, very good in arithmetic She moved her bps for all the 
sounds and lights She thought the sounds were Easier to count 

Pupil lo, Grade VA, \ery good in anthmctic. There were no out^\ard 
signs of counting m the case of cither the sounds or the lights 

Pupil ir, Grade neah in anthmetie He used Ins bps in counting all 
the sounds and hghts He said, 'The lights were harrier because the} «cnt 
faster, but I counted them m the same veay ” 

Pupil 12, Grade VB, very good m arithmetic As he is quite deaf, he took a 
seat dose to the apparatus In the case of the slowest sounds there was no 
definite hp movement, but there seemed to be a slight movement of the vocal 
organs After the first seven series of sounds he began to use his hps Sometimes 
he gave verj indefinite answers, such as “ft was either sewn eight, or nine ” 

He said, “I can a]wa>s tell when the speed changes. U e have had three s/veds 
already’ hen be was counting the lights, he seemed ver; non ous He said, 
“The lights ore harder to count than the sounds, they are insuch abltleplacc “ 

He used his bps In counting all the lights 

Pupil iSt Grade VB, an average pupil in anthmelic She used her lips in 
counting all the sounds and hghts She said that the hghts v ere harder to count 
than the sounds 

Pupil :4f Grade VB, weak in arithmetic In the case of the first half of the 
sounds, he moved his lips He said that he moved his tongue to help him count, 
but there were no outward signs of such movement In counting the lights, he 
did not move his lips at all He thought the sounds were harder lo count 
Pupil 15, Grade VB, weak in anthmctic He moved his lips a little for all 
the sounds and lights. He made the follow mg comments ‘ f countetl « ilh 
tongue, I counted by five’s, that is I grouped them, 1 liked the lights better 
because they w ere harder, I counted silently ” 

Pupil i 6 Grade \ B, very weak m anthmctic. She did not use her hps at 
allincounting WTicnshewasaskeilhow shecounl«l,sheKud "Ijustcountcil " 

“The hghts were much harder, I couldn t see them is well ” 

/’iVad ip, GrsjSe VJi^ iviy wcjd. jiojinthtnctic She mowd her hps in the 
case of both the sounds and the lights Before she becime accustomeil to count 
jng the sounds, she also noddvtl her bnd The lights sccmcti harder for her to 
count than the sounds She s.aj J, ' All the sounds up lo ten are m one group and 
the numbers above that in another group ’ 

Pupil iS Grade \ B,verv weak in anthmctic He counted in a ver) aw k 
ward way At first, he moved onl> hwhpa. Later hemovnJ hubps' head, an I 
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hands Iinalh, his ^\hole bodj svvajed back md forth as the sounds were jiro- 
duced In counting the lights, he used onl3 his lips, but his whispers were 
audible He said “I could count better when I used mj lips and fingers ” He 
seemed to think that the lights were easier to count 

Pupil 19 Grade\ B.vcri wcakinanthmctic. At first, she nodded her head, 
tapped with her fingers and moaedher bps when she was counting sounds As 
the sounds became more rapid, there were no outward signs of counting She 
«aid, ‘ I just looked at the lights 1 dido t ha\c to use my bps ” She thought 
the lights w ere harder to count She seemed very tense 10 her counting 

PupU 20 Grade VB, Ncty weak in arithmetic She moved her lips slightly 
m the case of both the sounds and the lights She thought the lights avere 
harder to count 

RZPORT ON TirE PUPILS IN THE SIXTH GRADE 

Adaline Sherman, who was m charge of the pupils m the SLCth grade 
reported as follows 

pupa 1 

Goodin numberwork Moved bis bps in counting Said ‘ 1 m used to this 
I have a telegraph set at home ‘ It is harder to count the flashes My eyes get 
tired’ Beforcthelastsenesof flashesoflight hesaid It s easier to count now 
1 m getting used to it ” 

PUPIL 2 

Good m number work 

5 pHK<fr— Her whole mouth moved as she counted Her lips showed that 
she caught the rh> thm of the sound* and that she kept on counting one more 
than the number given but she always gave a number that was one less than 
the number she had counted to herself 

QiKSlion ' How do jou count these taps’ 

Anru.'cr ‘ I keep on counting 

Qiusiton ‘ Vt hat do you do with thirteen fourteen fifteen etc ’ ’ 

Tt s hard to count thirteen fourteen fifteen but I do I could 
do the other wa^ and get it easier Evidently she meant that she could group 
the sounds 

Lights —In Senes i with fourteen bghts she said It s so funny I can hard 
ly sec It ’ Her Iip-movemcnt became less noticeable as she watched the flashes 
of light more mtentU Later m the scries she said I got through counting long 
after the lights stopped ’ 

POTXL3 

Good in number work Looked steadily at the table while counting the 
sounds During the first and second senes there was a strong bodih motion 
forward This motion was less marked as the sound* and lights were speeded 
up In counting the sounds she said Hus i» like counting telegraph poles 
going to Sawyer ’ 
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POPIL 4 

Good in number ^\orl. He moved Iu> heel as he counted the sounds and 
ligiits He «as ver> self conscious and watched to see whether be nas being 
observed On finding that he vias he tried to stop the motion 
Question How do jou count these numbers* ' 

Answer “I just count one after the other ” 

PUPIL 5 

Good in number ■nork Lipsino\ed 

Question 'WTiat dojoudowhen jou count these* ’ 

Ansucr 'Just straight counting In getting into the teens I count 'one, 
three, four,’ again and in the twenties I sa> twentj-onc, two, three, four, 
etc.” 

PUPIL 6 

Good in number work Very shgbt hp movement In counting the lights, 
he also nodded his head 

Question “WTiat do j ou do when you count these* ' 
inruer ‘ I just count them silently ” 

The lights hurt his ejes c\cn in the first senes There was more lip me\e- 
ment when he was counting the longer senes of flashes of light In the last <incs 
of sounds and m Senes s, 3, and 4 of the lights he reported one number Icsa 
each tune 

rwit 7 

Good in number work Obsenaiioo m class work shout'd that he counted 
when adding «trong bp moiement when counting the sounds Did not watch 
the appantus 

‘ \\'h3t do JOU do when jou count these’ ’ 

Answer I do it just the waj he docs If he grouped them I would ’ 

5 o«ndj Senes 4 — ‘ Fifteen or sixteen I m not sure (The one before the 
last ) 

Sounds Senes 5 — Not sure ’ 

Lights Series! — Hesiid TTresearecisK-r to count than the fast senes of 
sounds ’ 

Lights Senes 4 Olid J — Hcsaid, Imnotsurc each lime nine lights were 
shown 

Peril S 

Good in numfier wort Soliceif the even progression oi* cAc numhers in 
the first senes of both the soumb ami the lighU 

Qiiestien Have jou anj «penalwa) of cottotfng the hghts* 

Aiiitier kcs. Isay one two fourteen fifteen sutcen elf 
Ligfts Series 4 (e/rryt fish/})— Igotlindofimjc«l upon that TJerewas 
a alight movement of the bps which was more noticeable as the numlwrs l-e 
came larger an { the flashes more rapid 
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Qm}! jn (ii'UrSene} j of ' How are }ou counting’ 

trrcer Just counting in the reguhr wi) Sometimes I ha\ e to sort of 
guesj. ^nc are even numlters an I some are odd \\henthc> start nith esen 
Euml-era, lhc\ usuall) hav'c an e\cnune rett 

In ^enrs 5 of the lights he became confused He saiJ The lights arc so 
h'ig*'t anl I m not uie<l to counting bghts. 

rtTii .9 

Coo>l m number sso'h Showeil marVed concentration So perceptible 
iroNcment of lips or bal) 

Qjaiton I low ilo j ou count these’ 

Inraer I just count them I tap when I adl It is easier to fount than 
toadl’ 

rcriL to 

Goodin number work Ltpsmose! He counleil the sounds an 11 ghts just 
as thej came 

PCTIL II 

Onl> fair in number work \ musical genius Tracticcs a great deal with a 
metronome. Lip-mo\cment 

QusIim * How do >ou count these? 

Ann.tr 1 take one two three four five one two three four five 
because it u cas er that way 

Qiailian Do jou base any trouble keeping track of the fixe s’ 
ln««T Oh no I just feel it ^\ ben I get about so many 1 just know it 
He noticed the cxen progression in the first scries 

Ligfts —Afier the first number he said J find this harder After the 
second number he said This is harder to keep track of 
Quesliffn Do > ou keep track of these in five s’ 

Aurwer No It s too hard 

Used his fingers He was unusually poor in counting the 1 ghts 

Flint la 

Poor in number work Slight occas onal I p movement Said inanswcrto 
quwtion I just say ‘one two etc 

OiKshcm Do you have any trouble saying the numbers to yourself? 
Ansutr \cs sometimes I skip some and then I remember and count 
them m at the end If I skip three 1 count three more at the end 

FOFIt 13 

Fair m mmbet orl I jasl thinl. lha sound. I counttd Ibc f tat ones 
Tbcy kept going wo more cod. 10.0 The first ocro men numbers then odd 
Then they were mixed up 
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Sounds, Senes 5 — Counted aloud at the same rate after the series of sounds 
was completed 

Lights, Senes 1 — Said, * These are even again It is hard to tell one light 
from another ” 

PUPIL 14 

Tair m number work Pronounced hp movement 
Question ' Have jou any special v\ay of counting these? ’ 

Anrucr ‘ No just regular counting' 

In the faster senes he said * Sometimes I make one more " 

Lights — "Much less iip-movcment 

pupa ts 

Poor in number work 

Question ‘ W’hat do jou do when >ou count these^ ' 

-'InfU'er ’Just count them ’ 

Question How do j’ou count numbers larger than ten? ’ 
dH«4«T ‘T say, 'eleven twelve, thirteen ett'" 

Lights —Said, These arc hard 10 count Thev go so fast ’ 

PUPIL 16 

Very poor m number work She sat very quietlj and made little response 
to the questions She said that she 'just countet! " Her hps moved when she 
counted the lights She said, ' These arc harder than the sounds ' 

PUPIL 17 

\cf) poor In number work Her lips moved while she was counting the 
soumls WTicn she was counting the lights there was such slight lip-movcnierl 
as to be almost imperceptible In answer ion question she vaid tliat she javl 
counted Later she said I just think it When die was askol whether she 
grouped numbers in counting shcsaid So it 1$ easier to count one two three, 
four live etc. 

PUPIL 18 

\ cry poor in number work A v*cr> »h> dul I *:he sal quicll> an I counted 
Her hp-movcment showed that she couotett in senes. 

PLPIL 19 

Poor in numlicr work flight lip-movcmcot He noticnf the inacase fv 
two's In the first senes 

Question ' ANTiat do )ou do when )ou count the fast ones*" 

Arnrer I Just aliout alirajs go one ahea J so I take onced 
Lights — Lip mov menl 

Question (at tJ-r end of thi tint ttrtei) l>o jaiu f n 1 these han'er? 
dnrjrf No raver 

Alter the third senes he was not cerUm that tl e> were rai er 
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Poor m number work No perceptible movement 
Qiieslton ‘ IIow do >ou count these signals’” 

tnrLfr * Just thewaj Icountc\erj thing I think the numbers to m>se!f'’ 
Ltgl Is, Senes / — “It’s easier to count the bghts ” 

Lt^hls, Series j —Could not keep track of the numbers Said, ‘ It’s hard to 
get The lights go 'o fast I can hardl> see them ” 

GRADUAL REDLCnON OF Rr-i\CnO\S 

The obser\ ations made hj the teachers confirm tlie conclusion reached 
earlier that counting is an acU\c process They also throw much light 
on the way in which mdi\ iduaU pass m the course of development from 
gross external reactions to much reduced internal reactions If the rciwrts 
for the \-anous grades are compared, it will be seen that lip movements 
and moacments of the head or other parts of the bod> are gradually re 
duced as the pupils become mote mature until these reactions become 
slight inner tendenaes to articulate 

The gradual reduction of countmg to an inner mode of reaction is 
similar to the charge which occurs during the mastery of all forms of 
language Like his counting, the child s reactions in n a m i n g objects and 
in ejaculating in the presence of stimulating situations are, at first, ex 
temal and readily obser\ed As the individual matures, he continues to 
use names m recognizing and classifying objects, and he continues 
to respond to stimulauons, but his responses are more and more of an 
inner tj-pe 

REACTION AN ESSENTIAL PHASE OF COinmUO 

The concepUon of number ideas and of ideas in general which we are 
led to adopt on the basis of the foregoing discussion is of the highest im 
porUnce for the student of educaUon There is much educaUonal writing 
which treats number ideas as though they were some kmd of mental 
image As has been abundanUy shown, number ideas are, m fact, more 
than images, they depend on the presence of reactions A child does not 

leam numbers by havmg them impressed on his organs of sense There is . 

no such thing os a number sense Number is acquired only when there is 
a posiUve reacuon One must respond m a definite way to each item of 
experience which IS to be counted The definite posiUve response which 
one makes to each object counted is reduced to an inner reaction m the 
course of educational dev elopment but it continues to be a reaction 
Such considerations as the foregomg help to explam why education 
takes time If number ideas were of such a nature that they could be 



COUNTING B\ am DRFN 


51 


his use of Uic number names in the con\ entional order, he becomes aware 
of the point reached m a series of discrunmaUng reactions Suppose, for 
CTample that the indiv idual has reached the point where he reacts to the 
last object in the group by uttenng the ssord * elncn , he will m this 
case enjo) the double advantage of having an analj tical knowledge of the 
group and of knomng that the number of objects in the group is more than 
tea or nine or eight and less than twelve or thirteen or fourteen 

nOLtmO't OF EXACT QU\Nm\TI\'E IDIttS 
It takes a long time for children to learn the use of the v'aluable de 
^ ice for exact discrimination which is supplied m the scries of number 
names that the race has evolved It took the race a long time to perfect 
the senes of number names and to learn to use this series of words UTuIe 
e\ oKnng the number senes the race was also dev eloping a highly impor 
tant general attitude namel> the attitude of appreciation of the value 
of exact discnmination The savage does not understand how greatly his 
life would be ennehed and its activities made more effecuv e by exact dis 
cnmination and quantitative modes of thought Little bj little the race 
has learned to count dependmg at first on the crudest and most external 
forms of reaction such as pomung successive^ with the various fingers 
or lajTflg aside a pebble as an aid to each discrimination As the race has 
come to a recognition of the unportance of a sj’stem of counting it has 
perfected its s>-stem It hosako learned to impose on every mdividual the 
demand that descriptions be exact and the demand that all dealings be 
controlled bj the general idea of exactness When a child comes into the 
modem civilized world he finds his elders equipped with an elaborate 
device for discriminating objects of all kinds and for recording their num 
ber The child bke the race roust gradually arrive at an appreciation 
of the \ alue of exact discriminaUon No child sees at the beginning of life 
and for a long tune thereafter the true value of a number senes but 
society IS so fully aware of the imporUnce of counting that it does not 
leave the child to find out for himself why people count Society goes ac 
lively about mducing the diild to use the number senes Even with so- 
ciety stimulating the child by all the means at its command the acquisi 
Uon of the number s>-stem is a slow process The acceptance and ap 
preciaUon of the general idea of exactness by the child are even slower 

than the acquisition of the senes of number names In fact m some cases 

pupils leam the number s>-5tem in order to comply with the urgency of 
society and fail entirely to gam fuH personal appreciation of the real 
meaning of the series 



CIIAPTERlIV 

AN\LYSIS OF INOmOU/VL C\SLS 
ITXPERIilEVTS X\'mi INTROSPECTIONS AND SPECIAL TESTS 
Tvicntj graduate students of education acted as subjects m a senes 
of counting cxpenmcnls similar to those described m earlier chapters and 
i^ept introspccti\e records throughout the experiments They also sub 
nutted to a number of supplemental^ tests The results are presented m 
this chapter m full detail for the purpose of bringing out the fact that there 
are important indi\idual differences in the number ideas of mature per 
sons 

Table XV is smular to Table I in form and reports the full record of 
errors made bj the twenty subjects m coijnting senes of sounds Slany of 
the facts shown m this table are quite sunilar to those discussed m earlier 
chapters W ithout commenung on the general findings for the whole 
group, wc turn to a discussion of induadual cases 
\ARUTIO'lS IN ACCURACY 

Subject 43 showed complete accuracj through all the senes of sounds 
up to and mcludmg that in which he was gi\en sue sounds per second He 
made some errors m the case of large numbers when the sounds were given 
at the rate of se^en per second, and in the case of all series except the 
shortest he failed to count correcUj when the rate was raised to eight 
sounds per second Subject 48 is evidentlj of a wholly different type A 
certain degree of inaccuracy was exhibited by this subject when the sounds 
were gt\ en at all the different ntes except four per second Subject 42 re- 
ported m his mtrospecuons that he always counted by repealing the num 
her names to himself and was clearly consaous of incipient mox ements of 
articulation Subject 4S was quite as expbcit in statmg that he was not 
aware of any counlmg movements He said that very often he fell mto 
a rhythm of counlmg. the most common form of this rhythm bemg a 
groupmg by three s Tlius, he counted one two, three, four, five, six, 
seven, eight nme, ' and scon 

VARLVTION WTrn KE<SPECr TO TN-NER VRTICULVTIOV 
The other subjects who were quite certain that they said the number 
names to themselves are Subjects 43, 4S. 47, S*. 55. and 58 The subjects 
53 
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who were explicil m snimg thii thc\ di I noi s.i\ ihe nimcs to them 
schca lie Subjects 50 s?,indfo Hie other subjects setmed to Imc a 
nji'toJ i)raclJcc 

riicrc is a certain generic rtscml lance amon„ the reconls of the sub- 
jects who said the number names to themselves In gencnl the\ were 
accurite uji to a fairl> will dcllncd point and then rapidly fell lichind the 
sounds and were unable to count accuraich The subjects who did not 
va\ ihe num}>er name", to themsihcs wert Jess able to gne cJwr state 
ments < { what i 1 h\ did I he\ frcquinlK spoke somewhat vagutlj aljout 
grouping the sounds *Himetimcs thc\ c|)okL of \isual methods of count 
ing 

\lsl VL Ml IIIODn of COtVTISC 

In this latter ri nnection it is interesting to note that Subjects and 
60 showctl m the recorils made with flashes of I ^ht as rtjiortcd in Table 
W I complete accuncs at tirsi and an abrupt falling off at a certain 
iwini In other word-' there i» some evidence in the later table that tbev 
reacted to \ isual cx[icricnccs m a waj that differed from tbcir mcUiod of 
reaction to sounds 


t MURCOl \TISC »\D OtERCOl STING 
\nolhcr vcr> striking Ivpc of individual difference is exhibited in 
Table \\ 1 v Subjects >6 and both wTre poor in counting Subject 
invariabh rejwrlcd a number which was loo smal) while Subject 37 
in mew hat more than half the case» reported a number which wus too 
large The mirospcctions of ?Kith subjects showed that thev wercgreatlv’ 
confused Subject 37 noted cxphcitlv that he did not alvvavs know 
whether he sloppcil counting at the right time 

The difference 1 elwecn the two subjects seems to arise from the differ 
ences in procedure It seems that Subject 56 was unable to keep up with 
the objecli V c senes His subjccliv e senes of number names was not fluent 
enough he therefore frequentiv dropped behind the objective series 
W hen the numbers were large he •vraeumes dropped behind more than 
one The errors of Subject >7 of a whol!) different tvpe In his 
ca«e the subjective senes often absorbed so much of his attention that 
he did not recognize immediatch the amaal of the end of tlie objective 
senes and continued counting after the objectiv e series stopped He some 
limes undercounted especiallv in the case of large numbers but in the 
mam his errors were of the other tj-pe Thesubjects who predommanth 
ujidcrcounted are Subjects 42 4j 4b 49 3° or o^ 53 5 o 06 ^nd :)8 
Those who predominanllv overcounted are Subjects 41 43 57 and 59 
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A few undercount^ in tlie rapid series and overcounted in the slow; 
such are Subjects 44, 48, 54, and 57. 

E\idenlly the lapse of attention which resulted in the overlooking of 
one of the sounds is the more common source of error. The existence of 
the other tvpe of case, how c\ cr, is highly significant The fact tliat there 
are two wholly dUTcrent methods of controlling attention shows that, as 
individuals develop in childhood and acr|uirc the ability to count, their 
histories are verj’ difTcrent. The type of attention which leads to over- 
counting must result from overemphasis on the subjective series. The 
ov eremphasis does not seem in some of the cases at least to have been due 
to lack of flucnc>. 

\ARL\TIOVS IN COUNTING Ft-VSIIES OF LIMIT 

Table XVI supplies evidence in partial confirmation of the hj-poth- 
esis that overcounting is not due to lack of fluency This table shows 
the records of the twenty subjecU m counting flashes of light Of the 
four subjects who overcounted sounds, two, namely. Subjects 41 and 
4S, changed their methods of counting and undercounted, Subject 42 
changed to overcounting 

The changes in t>7>e of error when the impressions to be counted 
vat> in character suggest that the modes of development m the two 
sensory spheres are, m some cases, entirely different Subjects 41 and 
4S apparently found counting flashes of light especially difficult, and 
Subject 42 apparently found counUng flashes of light especially easy The 
ease or difficulty of counting may be due to the amount of experience in 
this sphere, or it may be due to general interest in visual objects or lack of 
such interest , , , 

WTiatever the explanation, it is quite evident that the processes of 
counlui" in those cases where there is overcounting arc different from the 
processes o[ counting where there is undercounting There is danger that 
anjone who gltes the results of the erpernnents a mere statistical treat- 
ment will he misled by the fact that the same senes of number names rs 
used by .ndrviduafs who overcount and those who undercount The as- 
sumption that the psychological processes are identical in these two cases 
fails to recognise the full importance ot thepsjcholoipcal contrast which IS 
mdicated by the resulU ot the eapenments repotted 

COUNTING Wmi SIMPLE NUMBER NAMES 
The introspective records evplain some ot the particular points shown 
in Table XV where the subjects seemed to depart radicaUy from their own 
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lo pul him at the bottom m both cases, Subject 4 ’’ stoofl \er> high m 
both cases 

In the pre<encc of such facts one grog’s skeptical of the Nnlue of 
arithmetic tests as the sok means of guiiing teachers m dealing with 
pup Is Ef|ual numbers of errors «lo not aliras’s indicate the presence of 
like difTicultics Aggregate scores ftecjuentlj lease the tcncher without 
knowledge of the mdt\ idual difiicultics which must lie os ercome if pupils 
arc to be helped to correct their deficiencies Tests locate difTicultics and 
for that reason are smluable mslnimcnts of diagnosis \\ hen an error has 
been locatwl its ivpt. must be <lisco\crcd b> some kind of detailed 
anal\-sis 

Nor is It mcrcl\ in cases where errors appear that analjsis is nccessarj 
if one 13 to e\-aluate properly scores secured in tests Ample evidence has 
beensuppbed that the posiuvc methods by which pupils succeed m deal 
mg wnih numbers are not alike e\cn when the degrees of success achieved 
are enUrclj comparable One pupil ma) be rapid m counting because 
he IS rapid in arUculation another ina> be rapid because he reduces his 
articulations to a minimum The ability to transfer attention rapidlj 
from the objects which are being counted to the subjective series may be a 
third explanauon of rapid counting If such a variety of explanations is 
found lo be justified in dealing with the sunple process of countmg how 
much more must U be true that the complex processes of ari^meUcal 
combinaUoQ involve procedures of ver> different tj-pes even when they 
yield results which are alike’ 


SCORES OV THE CLEVXUV-NO SURVEY UUTimETIC TEST 

In order to study the lelauon of the results thus far presented rn this 
chapter and the abj.ty of the luenty subjecB as rneasnted by a standard 
anthmeuc test the first set en sections of the Clev eland Sure ey Arith 
mel.c Test uere giv en to the subjects urbo parUcipated in the eaperunent 
The results are presented in Table XVIf The sundard eighth pade 
scores for these sections of the test as reported by Counts ■ are included 
m the last column of this table ,,e,rTT 

Approximately tao-thirds of all the scores sho™ m Table XVII are 
abos e the eighth grade standard The subjects who were consistently low 
areSubjeelsaj 46 (eacept In Section D) sa « and S9(=xcep m Section 
C) Neither excepuon noted is large It we turn to Table XV we find 
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radically changing the chancier of his abiUt> to count Since the abiliti 
to count flashes of light \ras, m Rencral, less full\ clc\clqpcd than the 
abihtv to count sounds, a comhmaUon of sounds and flashes of light was 
given, thus providing the subjects wiih a means of improving their dis- 
crimination of flashes of light The combined senes of impressions was 
first given to the group of lwcnt> subjects The rate at winch the com 
bined sounds and flashes of light were given was a rate at vvhicli all the 
subjects show cd a high degree of dcficicnc> m counting flashes of light and 
a fair degree of profiacncj in counting rounds, ‘namelv , fiv e per *ccord 
Table \\11I pre«cnls the resuhs. It should be noted that a relatively 
large number of stimulations was use<I in all but one exv 

The number of errors reported in Table X\’ni, vrhile somewhat great 
cr than the number of errors reported m the third section of Table W , n 
distinctly less than the number of errors rrportcil m the last section of 
Table X\ 1 
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■were given at each sitting senes of combined sounds and flashes of light 
In general, nothing but combmed series were given Various rates were 

TABLE XIX 


Eeeors JIade by Four Subjects in Countikc Series of Fiasiies op Light 

BETOILE AND AFTES TSAINI^C 
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used so as to a\ oid fixed habits of attention on a single rate At the end of 
the fifth practice period and at the end of the tenth practice period t<s(s 
were given wiUi Dashes of light only The results are presented in Tabic 
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\ 1 X In order that comparison maj be facilitated this tabic includes Uic 
section of Table WT hich shows the number of errors made bj the four 
subjects m counting flashes of light given at the rate of five per second 
before thev had anj training 

In interpreting Table \IX, one should keep in mind the fact that 
the f nal accurac} of the various subjects in countmg flashes of light is 
limited to their ability to count sounds One should consult Table 
therefore for what maj l>c called the maximum possibility of improve- 
ment The onlj expectation that can be entertained above that estab 
liahed bj Table arises from the possibilitj that the subjects might 
ha\ c improv cd during the practice scries in their discrimination of sounds 
as well as in their discrimination of flashes of bghL 

Table Xr\ giv cs convincing proof that the traming giv cn in counting 
combined senes of sounds and flashes of light produced veiy marked 
changes in three of the subjects and some change m the fourth subject 

decree of PrRSIAJ«ENCE OF TR-VISINC 
Unfortunatclj the permanence of these changes could not be ascer 
tamed after an> protracted penod of lime Tests were given to Subjects 
44 and 60 four weeks after the traiomg w-as completed with the results 
shown in Table XX Evidently the changes shown in Table XIX were 
not permancntlj eflccuve m full degree However marked effects of 
traming still appeared as will be seen by comparing Table XX with the 
first section of Table XDv 

TRAINO.C IN DISCRIUEsATION 

The changes reported ui Tables XIX and XX cannot be attributed 
to any change in the mastery of the series of number names Ten half 
hours of pnctice in the case of an adult wiU not change his ability to use 
the number names wn th which he has long been familiar must have 
taken place is an improvement m discnimnating flashes of 1 ght The sub- 
jects learned to recognize the individual flashes of light and for this rea 
son were better able to apply the senes of number names— what we have 
called the subjecUve series —to the objecUve series of flashes of light 

VNALVSIS OF THE COUNTINC PROCESS 
The countmg process is thus analyzed into three distmct phases (1) 
possession of a subjecUve senes of number names or number reactions 
(2) discnmmation of the individual items of an objective senes (3) ap 
plication of a number name to each of the items m the objecUve senes so 
that there is a one-to-one correspondence between the two senes 
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Tlie \ nnouspliascs of the counting process arc capable of detachment 
from one another Abiht) lo repeat the senes of number names may be 
improNcd through practice c\cn \%hcn an indi\iclual is not attemptmg to 
count an) thing The con\cntional senes of number names which has 
been tfes eloped m the course of histor) is so cfaboralc thata cfiifcf has to 
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deaote much mental energy to acquiring the system itself In like man 
ner it is possible to discriminate a number of flashes of bght or a series of 
auditory or tactual impressions as a succession of espenences mthout 
counting them Here again the experience is sufBciently complex to re- 
quire training We mav go outside the field of this experimental mquiry 
and take an example from ordinary life If one stands before a garden of 
flowers one may discnmmate the various blossonis paying attention to 
their forms and colors but making no effort to count them 

Even after a person fully learns the senes of number names and after 
he has reached a stage of mature discnimnauon of a certain group qf 
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erpcncnccs counting the objects discnminatcd docs not necessanlj fol 
low The two phases of ctpcricnce may exist as possibilities m the mind 
but one maj not call up the other For example one loot .5 at a row of 
books on the bbrarj shelf and distinguishes them One could count tliem 
ii one were so disposctl but the occasion nia\ call for an altitude whollj 
difTercnl from the counting attitude discrimination is then of a non 
arithmetical tjpe 

TFtCIItSG \ COMPLEX PROCr^S 

The fact that there are \anous stages or aspects of counting is the 
source of much of the difTicultj which confronts the teacher in organizing 
the educational process Usuall> teachers teach children the s“ries of 
number names in connection with a senes of objects which arc to be 
enumerated For example, a pupil is asked to count the members of the 
class W hen the pupil stumbles m his counting the teacher has to decide 
what is the diflicuUs Sometimes the number name is not recalled This 
13 commonl) the case m the lowest gndcs Sometimes the pupil is lost 
because he becomes confused m the effort to recognize the point at which 
he last looked This means that for the moment he has become confused 
in his discriminations An adult will cultivate s>inpaih> with a child who 
gets lost m a senes of impressions which arc diQicuIt to discriminate if he 
will trj to count the letters on a pnnied page without pointing to the 
indiNaduaf letters At times it will be noted that (he letters arcexcecdmg 
1> difficult to distinguish from one another The> seem to run together 
The difficult) m this case is not m the subjcctiv e series of number names 
It IS m the process of discrimination 

The child who is at one and the same lime acquiring the number 
names and learning to d stinguish objects has a third problem namelj 
that of matching the two sets of experiences to each other In order to be 
able to count correct!) he must make the transition from a pomt in the 
number name senes to a point m the discrirauiated external senes and 
must then come back to the number name senes and so on In other 
words he must perform the mental feat of movnng back and forth be 
tween two senes of experiences which ire different in character thus 
establ shing a relation in his mmd between the two 

TRUE COUNTING \ RELiXTIONXL PROCESS 
Recognizing the relation between the number name senes and the 
senes of discriminated objective items is different from repeating the 
number names and also different from decnmmxting objects it is m an 
important sense a new fact of mental life It is not however a factor 
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capable of independent consideration, as are the series of number names 
and the series of discriminated objects It is a relational form of con 
saousness and, as such, can be thought of as a mental pattern which 
unites the two factors, number names and discriminated objects, holding 
these two factors together m a certain form of organized experience 

TRUE COUNTING A PATTERN OP CONSCIOUSNESS 

The conception that certain school processes develop patterns of 
organized experience rather than new factors or items of consciousness is 
a very fruitful conception for educators to understand When this tjpe 
of psychological explanation of mental life is adopted, one begins to think 
of ways in which experience is organued rather than merely of factors or 
items IVIental life is recognized as a growing organized whole 

We shall have occasion m a later chapter to come back to a further 
elaboration of this idea It clears up some of the difficulties which we 
encountered when we found that some people are very competent m 
counting but tank low m tests m addition, subtraction, multiplication, 
and division 

TRAINING AS AN EtEMENT IN EXPEAININC DITrERENCCS IN 
ARnmiETiCAi ABamES 

Our expenmeats have made it clear that training is a matter of vital 
importance m determming an mdividual s proficiency m counting They 
have shown that even short time training radically affects so funda 
mental an ability as that involved m counting flashes of light. The h> 
polhesjs that all anthroebc scores are detenmned in character bynati\e 
ability is thus shown to be invalid The e\ndence shows that organization 
of experience is a matter of prune importance m explaining an individual s 
number experiences and we arestumilated to undertake a further analj sis 
of the mental processes mvolved in addition, subtraction, mulUplicabon, 
and division 



CIL\PTER V 

L.\RGC NUMBERS AND NUMBER COMBINATIONS 
srraM. aiARj\CTER ot tiie xunnEit xvmbs Br\o\D “ten” 

It was shown in preceding chapters that long series of impressions 
arc more difficult to count than arc short scries Through ctpcnmcntal 
tests, this fact was also connected with the complex form of the number 
names beyond “ten " 

Ihc character of the numlwr names cannot be accepted as a final 
etplanation of the difficulty imolved in counting long series The rela- 
lU'cly cumbersome character of the number names bcjond “ten” must 
itself l>c CTplained These names arc due to the methods of operation of 
the minds which dc\is«l them Our inquiry must, acconlingly, be «• 
tended until it arru’cs at a fundamental crpliftation of the reason why the 
number names bc\ ond “ten” arc complex 

ATTlSTtON ILVS X LlitnTD STUS 

It Is a fact well known m onlitur> experience that the mind « not 
able to deal directly with a large numl>cr of objects WheneNTr a large 
niimt<r of objects U prc«nte»I, the obser>er is forcetl to adopt indirect 
melhiHlsofdcalingwith thegroup What is meant b\ this statement can 
be readd) demonstrateil bj asking the rcatlcr to mspccl the following 
group of lines. 



Ibc lines arc too mimennis to 1*0 recognuetl fulK and clearU If wc 
contrast thi^ first group of lines with a «econd group of fires equal in 
number but si'mcwhat dilTenntK arrange*!, wt note at ome a marie*! 
contrast in lasc of appribcnsion The hdlowmg group of Inea can 
reiogniretl much more naddv than the lirsl group pre<caie*I 
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It IS the arrangement m smaller groups "and the separation of the 
smaller groups from one another which make direct recognition relatively 
easy We may conclude from this demonstration that there is a natural 
tendency to break up large groups of objects into small groups The mind 
resorts to analysis because it is mcapable of apprehendmg a large group 

SIMPLE TALEEES AS AIDS IX COUNTING 

There is a second method of dealing with large groups of objects, that 
IS the method of siibstituUngsimple tallies for the objects Letthereader 
inspect the following group of geometncal forms 

d V a 0 o ^ ^ 

It will be seen af once that the roost obvious result of the mspection 
is a recognition of the contrasts m form One does not at hrst think of 
counting the figures If however a line is substituted for each figure, 
counting IS both suggested and made easy Tallies or Lncs substituted 
for the figures arc as foUo^vs 



GROUPING TALLIES IN UNITS OF mCITER ORDim 
In this case as m the case discussed m the earher paragraphs the 
tallies are somewhat too numerous for immediate apprehension It is cus 
tomary therefore to group the tallies as follows 

IHLIt 

\\ ith such a grouping the results of counting the geometrical figures 
are reduced to their simplest terms 

Counting of every type is inasensc a method of dealing with objects 
which have become so numerous and so complicaled in themsehes as to 
pass beyond the possibihly of complete and ready recognition Ouranal 
ysjs shows that the way in which counting helps the mind to compass a 
large number of objects is by resolving the large group either directly or 
indirectly into smaller groups Indirect grouping is clTcctw! by substilut 
mg tallies for the full impressions of the objects 
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of recognition which is possible m dealing with small groups has entire 
ly disappeared 

rNDIEECT AND DIKECI NUMBER EXFERIENCES 
We are thus led to a reception of a very fundamental fact Arith 
metic includes certain direct forms of expenence, such as observing four 
objects and clearly distinguishing them from five objects Arithmetic in 
dudes, also, a vast array of number facts which are incapable of direct 
apprehension The only way m which the mind can deal with the indirect 
facts is through the use of tallies or through the analysis of large numbers 
into small groups 

METHODS OP TlIINiaNG BY MEANS OF TALLIES 
The system of number which we conventionally employ has resolved 
all large numbers mto manageable groups of ten Beyond ten, numbers 
are apprehended only indirectly Fof example, when one thinks of the 
difference between eighty slt and eighty seven, one uses as the point of 
departure for one’s understanding of the contrast not the beginning of 
the number senes but eighty Eighty sit is thought of as smaller than 
eighty seven because it is fairly easy to think of six as smaller than seven 

SVN'r iLEl XC ARmiMEnCAl PROCESSES 

The counterpart of the analytical process which resoh es large ntun 
bers into groups of tea is the symthetic process by which the mind builds 
up large numbers The simplest exhibition of synthesis appears in count- 
ing when I IS added to any given number Thus, when i is added to 4 
the result is the larger group of $ when i is added to 95 the result is 96 
Increasmg a group by one is, however, a slow process and there im- 
mediately arises a demand for some method of combining groups each 
one of which is larger than unity The demand for a method of combrna 
tion which shall be adequate when the numbers to be synthesized are 
large leads away from simple counting and requires the invention of a 
method of intellectual procedure which is doubly indirect Suppose, for 
example, that one has twenty five objects in one hand and nine in the 
.Hwr xTAP jm? iinwlanr Ihe apiI know .wafh 

the magnitude of the result? A primitive and simple method of procedure 
IS to resolve the group of nine into nine single objects and add unit after 
unit to the twenty five until the total is reached 

Combination by counting is undoubtediv the first and most natural 
procedure m uniting large numbers There ts much evndcncc in such a 
number system as the Roman numeral that this procedure of unit addi 
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Uons T\as one of the chief methods of combiruiion The forms VII, \ III, 
\II, and XIII supplj examples of such a process On the other hand, the 
Roman s)'stem, ^iih its V, X, L, C, D, and M, CMdentU was not limited 
to mere increases b\ units Thcrccameatimcwhcnnumbcrcombinations 
liLeX\ and IX could be made frcel) without going back toumt> to build 
up the larger number 

COUEESATION TIIROLCH Tilt USF OF RrMFitTltRED ItLLIS 
The Roman examples of addition bj the use of larger groups bring 
us to the point where we can understand the statement that the usual 
method of combining numbers depends not on direct procedures but on 
the use of certain formulas of combination which are even more indirect 
than IS the knowledge of large numbe s Let us illustrate b> such an 
example as ^ combmed with 6 The trained individual does not count He 
docs not break up either number into smaller groups He is trained in 
the use of a rule of combination, and he arrives at the result 13 without 
detailed analj-sis of the numbers So coropIctcl> is this process dependent 
on the possession of an indirect formula that it is usually impossible 
for the trained adult to tell how he made the combmation In fact, he 
docs not make the combmation each time it tecurs he escapes the neces 
sity of performing the addition m detail by following a formula 

Anthmetic is made up of a great number of rules of procedure which 
are of the type illustrated m the example of 7 combined with 6 Indeed 
if one examines a textbook m arithmetic one finds that very slight atten 
tion IS paid to counting If one goes to a classroom where instruction is 
being gi\ en m arithmetic, one frequently hears the pupils warned against 
counting These facts supply clear evidence that the aim of instruction 
m anthmetic is to raise the level of thinking to the point where mdirect 
processes will preponderate and as bttle attention as possible will be given 
to the simplest method of combmmg numbers that is counting 
ISrPKOVEXIEVT IN COUNTH.C WITHOUT INSTRUCTION 
The absence of mstruction m countmg in the elementary school is not 
paralleled by a lack of development on the part of pupils in ability to 
count It was shown in chapter m that throughout the period of ele 
laeataT}’ iwJuralJnD pupils mprove sleaditv m ability to counf js 
tempted to attribute th“ low degree of ability exhibited m counting cer 
tain unfamiliar experiences such as flashes of light to the failure of the 
school to give mstruction m the use of the number series m various spheres 
of experience Be this as it ma>, the expenments with children show that 
countmg or the direct use of number continues and steadily improv es m 
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spite of the het tfiat the school <{evotes its attention to indirect proces.'ies 
f)( combinniion 

t \RI n R MF niOD OF 11 AaitSC TORMtTLAS OF COillllN \TtON 
The method of leaching the rules of number combinations ^^hldl uas 
common t«o genentions ago ins to require the pupils to commit to 
incmor> addition and multiplication tables and from these to dem c sub- 
traction and duision tables Ihc tables thus memorized were arranged 
m such a wav as to approximate counting lor example, the addition 
table was made up of such Items as 2+2 2+3 and 2+4 each item differ 
ing from its predecessor bj the addition of i The multiplication table 
dealt with more complex combinations but progressed in regular steps 
Ibcsc tables were highly svstcmatic and were intended to give the pupil 
an idea of the regularity of number relations The tables were learned be 
fore any applications to concrete situations were attempted The tables 
may be described as tables of pure number relations 

PBFSt ST OVY MFTIIOD LTSS SVSTEMVTIC \NI> 

VIORl CONCRETT 

The method of teaching the formulas of number combinations which 
IS in common use today is much less systematic than was the earlier meth 
od of teaching by tables At the present time all pure number relations 
arc taught after a discussion of concrete situations 

If we take as an illustration one of the vndcly used textbooks in 
arithmetic ‘ we f nd that tins liook begins its first lesson by treating certain 
units of space Thb pupils are asked to male rules two inches Jong four 
inches long and so on They arc then asked to add together two inches 
and two inches four inches and two inches and so forth 

It IS not until page 3 is reached that examples m pure number rela 
lions arc prescnleil and here there is no hint m the arrangement of the 
examples that the number senes and its combinations are systematic and 
related to counting Some of the examples m addition found on page 5 are 
as follows 

2343141244 

J^42i6aS74^ 

After requiring a few exercises in counting a second commonly used 
text* introduces an easy -way of choosing sides in playjnggamesj the pupils 
Ed vard Lee Thorndike Tie J it-Aru/mel ct Book One Ch cago Rand 
SIcNally 4 . Co 1924 

’ Thomas Alexander and Charles Ma 1 on Sairatt TAe tleranJerSarra/f Ir /i 
nelics Pnmar/Book RjcLmond Vugmia Johnson Publishing Co jp?-} 
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art numbered and those with c%en numbers arc on one side \%hile Iho^e 
wuh othl numl>crs art. on the other side The book passes from this to 
the use of canb mnrktd as dominoes Referring to the domino cards the 
book presents such statements as a and i arc 3 and ‘3 and i arc 4 
It then introilucesan e.tplicil statement about the plus sign and itsaerbal 
equit-alents and on page 6 presents such examples as the follonang ‘ How 
mana arc 6 and 1? 6+1=’ On page 7 is a senes of pure numlxrr prob- 

lems like those quoteil from the ftsl book 

Tlie concrete situations which arc usetl in these leatlxwks to introduce 
the notion of combination cannot be said to furnish opportunities for the 
application of anlhmclical formulas liecause the description of these 
•ntuations precedes the statement of the formulas The situations arc 
introducetl rather ior the purpose of supplying material which wall tend 
to jusUfj in the minds of pupils the learning of number combinations 
Bj thinking of these situations and of the number combinations which 
thej demand the pupils are supposed to become interested in the rules 
which hold for the combination of numbers when applied to an> 
objects 

E%en if one accepts without question the method of introducing the 
pure number combinations b> a discussion of concrete situations it is not 
CN ident that there is aa> gam in mixing the combinations in such irregular 
order as to obscure the s>’stematic character of number relations It seems 
to be the effort of modem textbook makers to get as far away as possible 
from the older 3 >stemaUc driU In order to discard the older methods cn 
tirely and f‘inall> they have gone to the extreme of abandoning all refer 
ence to the sjatematic reguLinl> of the combination tables 

A cunous result has followed this abandonment of sj*stematic drill 
Modem textbook makers and proponents of the present day unsj-stem 
atic drill have found it necessary to secure completeness bj some meth 
od consequentlj the> have devoted a great deal of energy to the dis 
cov erj and enumeration of all the possible combinations that can arise in 
addition and in the other fundamental operations They have also vigor 
ously insisted that each and evCT> combumtion receive its share of atten 
lion in the course manthmetic Inotherwords it is recogmzed that there 
are certain rules of combmation in addition and in the other fundamental 
operations and that all these must be mastered ev en if the> are not learned 
s>-stematicall> The older textbooks pushed the number sj-stem into the 
foreground the modem te-xtbooks push the number sjstem as a system 
into the background but attempt to cover all that was taught in the 
earher systematic tables 
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THEORY OF SPECIFIC TRAINING AS THE SOLE 
roRir OF nmcATioN 

The method of organusmg arithmetic ■which is shown by these 
amples to be the method in vogue at the present time is defended b) its 
advocates on the psj chological theory that all leammg is specific and 
that the mmd is made up of a number of detached special abihties Each 
combination is regarded by such tlieonsts as a separate factor or bond 

THEORY OF GENTRAITZED SVSTEMA'nC TR^MNIKG 

There is another view of the nature of consciousness name}} , that 
the mmd generalizes experiences and organizes its operations into certain 
systematic schemes The mind is thought of as capable of formulating 
a general idea of addition and a general idea of subtraction and general 
ideas of the other arithmetical operations The teamed indivadual is 
thought of as being able to work out for himself^ according to a sj'stematic 
general plan, an> scheme of number combination of which he understands 
the general prmciple It is this latter \ lew winch is clearly supporteil b> 
all the evidence presented m this monograph with regard to potlcms of 
mental organization 

If pupils do not have presented to them the fact that the number s>'s 
tern IS a coherent, orderly scheme of thmking they are ceriamly depnv ed 
of one of the most important lessons in scientificgeneraliaation nhich the 
mathematical sciences can teach If arithmetic is taught as a senes of 
wholly detached special rules of combination, tie pupil is deprived of the 
most valuable aid to meraor) and scientific thinking which the mind 
possesses, namely, the idea of a general system in number 

CONTUSIOV FROM V \RIAT10NS IN VERB \L FORMS 

As the matter stands at the present time man> of the textbooks not 
only omit sj'stematic number tables but confuse the situation further bj 
giving the pupil an overwhelming vanctj of concrete situations m which 
the difficulties are not chiefly arithmetical tlicj are chiefly difiiculUcs 
which arise m the course of the pupil s effort to understand the descriptive 
accounts of the situations 

The waj m which the descriptions of concrete situations complicate 
matters can be illustrated as follows \ textbook, designed for use in the 
second and third grades presents on page 6 a series of prohiems « hich are 
m reality problems in addition The questions in which the problems end 
are variously w order! ‘ How much did he spend for both? ’ ‘How much 
do l>oth together cost? ' ‘How long arc tlhej] together’ ’ ' How manv 
Ccntswcremihel>ankthcn’ ' Thewords in these four qucstioniwhichim 
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pl> addiUon are ' both,” ‘'both together/’ “together/’ and “were m the 
bank,” In order to recognue that Ihe^ phrases ha\ c a common clement, 
the pupil must bt able to look through their difTercnccs m form and to rec- 
ognize the fact that all of them mean “combine bj addition ” Tlic word 
"addition” is, however, avoided in each of the problems m favor of what 
miv be called a “popular sj'nonvin ” The abililj to recognize all these 
phrases as having a common import is what is known as the power of 
abstraction \bslractJon is one of the difllcult steps in reasoning UTien 
It IS remembered that number is itself abstract and that the process of 
combination is an indirect process, it will be seen how confusing is the 
further demand for abstraction vrhich is imposed on the pupil b> the re- 
quirement that he recognize a particular kind of combination even when 
it IS desenbed in various waj^s 

DimCCXTTFS IN AWTIDfETIC NOT AUrQUATTLY 
CNt)F,fiSTOOD BY TEACrTRS 

It cannot be too often reiterated that anthmeUc has proved to be the 
most difficult of the school subjects WTuIe the methods of leaching read 
mg have so far improved that Ihc great majonly of pupils are successfully 
taught, the methods of teaching anlhmetic are for some reason so in 
effective that a large piercentagc of pupils fail The eiqilanation of this 
fact IS undoubtedly to be found m the inadequate anal>'sis of the mental 
processes involved in leartung numbers and number combmalions The 
earlier chapters of this monograph have presented facts which prove that 
counting is a complex process which matures very slowly We turn now 
to a detailed demonstration of the truth which is stated m an introductory 
way In the foregoing paragraphs, Darocl> , that the number combinations 
to which pupils are mtroduced in arithmetic courses are difficult because 
of the man> complexities which result from the modes of describing the 
situations in which numbers are to be used 

ANALYSIS OF TEXTBOOKS 

Tor the purposes of this stud>, an analysis was made of four senes of 
textbooks which are extensivcl) used in elementary schools ‘ The ques 

'a) Thomas AlexanJer and Charles Mad son Sarratl Tfe Alexa iderSarratl 
IriTAmrfifj Pnmary Booi; pp x-f-siS ihtenBeaVaiTe Bboi, pp s+4ii Rjchmond, 
Virginia Johnson Publishing Co 19J4 

b) ChariesP Chadsey and Janies n Smith Efficitney Anil n elic Priniary pp 
M+zS* Intennediate pp vi+3i4 New York MenUer Bush & Co igjo 

c) John C Stone T! e Shme Artthmtltc Pnmary pp xiv+306 Intenned ate 
pp iiy+3*z Chicago Benj II Sanborn & Co 19*3 

rf) Edward Lee Tbomdike TleThomdikt irihnelics Book One pp xvi+168, 
Book Two pp XV1+1S6 Chicago Rand McNaDj 4 . Co 1914 
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COSTX.SIOS FROM GEVFRVL XRITIIMETICVL niVStS OF PROCLF^S 
Pupils not mfrequcntls meet one of the first of their difficulties in 
arithmetic l>ccausc of the gineral character of the words ‘ how man> 
These words arc usually used first in connection with problems in addi 
tion It often happens thereafter that the pupil tries to answer all ques 
tions which include the words how nian> b> adding He o\ crlooks the 
qualifjing words which sometimes turn the question into one requiring 
subtraction or multiplication .■ 

COVreSJON FROM CNFXMIUAR SlTUlTIONS 
Leaving the arithmetical side of problems to be taken up later we 
ma> well comment somewhat further on what has been called the situa 
lion phase of arithmetic problems A striking illustration of the diffi 
cullj which pupils crperience m understanding the situations invoh ed in 
anthmcUc problems was supplied b> a fourth grade teacher The prob 
lem giv on in the particular instance reported vras one w bich was intended 
to correlate arithmetic with civics The problem slated that in a certain 
precinct a certain number of ballots had been cast and that in another 
precinct another number of ballots had been cast The question was m 
the familiar form How man> were cast? One of the pupils was un 
fortunatel) ignorant m matters civic and did not know how ballots are 
cast Possibly there was a vague notion about the word cast derived 
from an early encounter wnth such a phrase as cast out At all events 
the pupil subtracted rather than added The mistake m this case was due 
to failure to understand the material or sitoaUon side of the problem 

VARIETV PROniXSIS IN ADDITION 
WTien both the arithmetical side and the situation s de of problems 
m addition are considered it is possible to find a large arraj of problems 
which can legitimatelv be described as difierent The exact number of 
t>’pes distinguished will depend somewhat on the fineness with which one 
discriminates between situaUons which resemble one another but are not 
ecactlj alike For example the problems ina> properlj be thought of as 
different on the situation side when the pupil is asked to purchase several 
books and when he is asked to purchase food for luncheon There can be 
1 ttle doubt that the pupil s familiarit> with the two situations maj be 
V erv different and that the mental imagery and the personal interest in 
volved are certamly different On the arithmetical side a distinction can 
properly be drawn between the imperaUve form in wluch exercises are 
sometimes expressed as when the pupil k told to find how man> there 
are under cerlam conditions and the interrogative form as when the 
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pupil 13 asked how many there arc after a situation has been described 
Distinctions of the type described and combinations of these different 
kinds of questions may properly l>c noted in studying textbooks On the 
other hand, one who is analyzing textbooks may find it more advan 
tageous to classify togctlier all cases of buynng which call for addition 
whether the objects purchased be books or articles of food, one may 
classify together impcratii e and interrogative fortas The tindlyses whiri 
arc reported m the remaining images of this chapter followed the plan of 
overlooking the finer distinctions 

The analysis of the problems in addition in the four sets of anthmetic 
texts yielded a list of 410 types of problems which can be desenbed as 
different without resorting to all the possible distinctions Turlhermore, 
it was found that the kinds of problems which appear in one text are not 
always paralleled by similar problems in the other texts One author 
makes much use of farm problems, another uses space problems in greater 
numbers One author expresses the question by jnserting a blank hne to 
indicate that the pupil is to supply an answer, as, for example, “7+5 
are -'? ’ Another never uses this device \^^en the usages of all the 
authors are assembled m a single list, they make a formidable array of 
variations 

In the present mquiry no effort was made to discover whether m 
dividual teachers exhibit personal preferences for certain forms of ques 
tions It is entirely thinkable that some of the confusion expenenced by 
pupils m arithmetic may arise from the fact that teachers have favonte 
lines of concrete interest and special arithmetical vocabularies, as authors 
certainly do 

TYPES or FEOBLEUS IN AUDITION 

A general view of some of the major types of problems in addition 
may be useful as contributmg to a fuUer understanding of the complexity 
of the experiences encountered by pupils in studying arithmetic texts 
The following words calling foraddition were found in theantlimetic texts 
analyzed 

Add Find the sum Find the total Fmd the amount Find the value 
Find the cost Find the distance Find the whole Find the length VVTiat is 
the sum (total amount value cost, distance whole length)? Ilowman}? How 
mvny m both’ How many together? How many in all? How far? How long? 
How old? How much arc they? Whal is the combined cost (distance length)? 
What 13 the price? 

Some of the foregoing formulas are not strictly arithmetical because 
they mclude references to the situations Thus, when the word ' cost is 
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u'cd instead of such a word as “sum” or “total,” an element of con- 
creteness IS introduced 

^\^len the situations which are in^ oKed m the problems arc considered, 
the list IS much longer The following items suggest the range of prob- 
lems bu)nng and selling, measuring space and time, earning and sav- 
ing, finding, acquiring b\ cultivation, enumerating people, enumenting 
articles of furniture and other kinds of equipment, mcasurmg m all the 
cases m which w eights and measures such as pounds and quarts, arc cm 
plojed, scoring m games, recording the amount of rainfall or tempera 
ture, and totaling work or other accomplishments, such as the number of 
times one *ccs something In addition to this list, there is a long list of 
subtle problems which do not ask anv ver> direct quesUons that give 
clues to the arithmetical procedures required The following are problems 
of this t>-pe ‘ It takes six hours to go from m> house to my grandfather’s 
house If I start at one o’clock, when will I reach my grandfather s’ ’ 
‘WTiat is the average weight of five chidens which weigh 3 pounds 
and 10 ounces 4 pounds and 8 ounces ? ’ In computing theaver 
age called for in the second problem, the pupil must first add and then 
divide In muluphcauon where mulUphers of more than one digit are 
used addition is impbed 

CONTRAST BETWEEN PROBLEMS IN ATDITION MJD CERT VIN 
. OinER PROBLEMS 

The problems m subtraction are more sharpl> distinguished m their 
termmolog> from the problems m addition than are the problems m 
multiphcaUon Indeed, it is \ct> often quite impossible from the strictly 
anthmeucal formulas employed m addiUon and muluplicaUon to dis 
tmguish the two processes Thus a problem m addition wiU give the 
prices of several articles and end with the quesUon ‘ How much did they 
Cost all together? The corresponding problem in mulUplication will state 
that somebody bought four articles at twenty cents each and wiU end 
wath exactly the same arithmeUcal formula “How much did they cost 
all together’ ’ The due to addiUon m the one case and to mulUphcaUon 
m the other is to be found m the earlier part of the problem where the 
condiuons are stated In subtraction on the other hand, it is usuaUy m 
the anthmeucal formulas rather than in the desenpuon of the situation 
that the disUnctive character of the problem is revealed Some of the 
most common expressions calling for subtraction are as foUows 

Subtract Takeaway Find the remainder Find the balance Findthedif 
fcrcncc Fmdwhat islclt How many more’ Hov, much longer (taUer heavier 
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farther)? How many arc needed? How minv are lacking? How many otters 
are there’ Not counting WTiat ate the rest’ How many more’ 

SUBTRACnOV AM) ADDirnW IN PRACTICE tAT) IV lOCIC 
It IS \ery stnking that the words winch are used m calling for sub 
traction and those which are used iti calling for addition usually have no 
resemblance We arc accustomed to reaignize the fact that, logically and 
mathematically, addition and subtnction are closely related, one being 
the exact reverse of the other The verbal statements give no clue to this 
fundamental mathematical relationship There is m this fact very im 
pressive evidence of the difference between the nature of the abstract 
number system with its laws of combmation and the practical use of the 
number system m concrete situations where the character of the pro 
cedure adopted grows out of the concrete demands In practical life the 
process of subtraction is not a negative fact It is very emphaticall> a 
positive fact One must actually withdraw a certain number of objects 
It is only when the practical situations requinng addition and subtraction 
are reduced to numbers and are dealt with through manipulations of num 
beta that the mind discovers that the two procedures are fundamentally 
related that one is the inverse of the other In the world of number re 
lations addition and subtraction are intimately related, in the world of 
practical affairs they are totally different and widely separated 

The contrast here pointed out is of importance for the understanding 
of the methods employed m present day arithmetic terts One author 
has made the following comment m the Preface of the first book of his 
senes 

It will be observed that in the eariy steps m subtraction the pupil icams to 
denve his facts about 8—5 6— -» etc., from bos knowledge that 
2+4»»6 etc but that care is taken that he distinguishes subtraction sharply 
from addition givesit its proper name understands its common uses and soon 
comes to think of subtraction combinations fluently and directly This is im 
portant ' 

In the paragraph here quoted the arithmetical aspects of subtnction 
and the practical aspects are both dearly recognized Furthermore, the 
author is clear in his assertion that it is lus judgment that in the earliest 
stages subtraction should be based on mathematical preparation and 
mastery of addition 

A like position with regard to the method of teaching subtraction is 
taken by another author in the following statement 

• Edward Lee Thomd ke Tie T/artn/iifAri/Atetier Book One p Chicago 
Rand McNally Co 1914 
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Fconomy demamls that subtnction be taught as the imersc of addition 
To teach the tables as >iru facts is inad\>»ablc because there arc <90 of the facts 
including those with zero \\'hcn taught as the in>crsc of addition the> arc 
onh new forms of facts alrea«lj known That is knoaiing that j and 3 arc 
8 the child can answer the question 5 and what arc 8’ ‘ 

This second quotation differs from the first in that it docs not cm- 
pliasize the contrast between addition and subtraction This author is 
whollj engrossed m the mathematical and logical relationship He does 
not seem to be impres-^cd b) the fact that all the words used in problems 
m subtraction tend to obscure the stnctl> mathematical fact which he 
pushes into the foreground In spiteof thu>dc\olion to thcpurelj mathc 
maiical relation between addition and subtraction this author expresses 
as follows the first ease of subtraction which he presenU in his text 
“Johnwants a top that costs 9 cents He has 6 cents How much more 
does he need’ The terms here cmpIo>ed do not repeat am which arc 
used m the preceding pages of the text dealing w ith counting and addition 
The child is called on to recognize a fundamental mathemaUcal similarity 
m spite of a sinking didcrencc in words This is a demand for a ver> high 
tjqie of abstract thinking 

The authors of a third text do not deal explicitl) with subtraction 
they seem aware, howe\ er, of the difficulty of translating \ erbal problems 
into mathematical problems They sa> 

The first di(Tcult> that confronts a pupil in the second grade when he at 
tempts to solve a concrete problem is the language difficulty Attention is 
called to the method uset! in this text to minimize this diff cult> The concrete 
problem is stated in full for the teacher to rend so that the pupil gets the con 
Crete background Fach problem is foUowcd by a condense.! statement of the 
problem which the pupil is to read and answer After heanng a large number 
of concrete problems read and abbresiatcd m this wa> the pup Is leam how to 
select the process and condense the problem into the brief form • 

Turnmg to the pages m which these authors introduce subtraction, we 
find the first exercise to be a5tnctl> mathematical exercise 5 and ?=9 
If we take s awa> from 9 how many are left’ The first concrete problem 
IS as follows Ma>, Ethel and Jane were making a se\en room play 
house in the leaaes W^en they itad made 4 rooms how many had th6y 
left to make? 7 rooms-4 rooms=? rooms 

•JohnC Stone Tie Slone Antinde Pninao p vi Cliicago Benj H San 

Chad cy and James II Smith EJIaeney Anti, el c rnmai> pp 
lu IV New York ’llenUcr Bu*hiCo I9» 
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SOtRCES OP COSIDSIOV IV ;\BmDIETJC 
The foregoing quotations ind the centrist drawn between the words 
used m referring to subtraction md the words used m referring to addi 
tionshow Untirithnicticisaierj complicated subject Before they have 
developed theiwwcrof ibslnct thinking pupils in the earliest grades find 
themselves confronted with a \crj elaborate number sjstcm which has 
properties of its own Thej also find themselves required to use this num 
her sj'Stcm in \~inous waj's in dealing with situations which ire desenbed 
in 1 bewildering variety of terms Not infrequently the difiicullv of learn 
mg arithmetic is mcrcascil b> the fict thit neither the icstbook nor the 
teacher gi\ es an) adequate csplination of the wa> in which the abstract 
ideas which the pupil must Icam to understand arc to be ettracled from 
problems or of tlic wa) in which concrete situations arc to be reduced to 
purcl) numerical formulas 

KUMDt R Of mrrcRt vr pbobu-ms iv suaTBAcriov 
Tlic total number of diflcrcnt ways m which the idea of subtraction is 
expressed m the four sets of mtlimctic texts ani!> zed is somewhat less 
than the total number of ways m which the demand for addition is ex 
pressed Three hundred ind se\cnt> four varieties bf problems m sub 
traction wefc found The situation phases of the problems need not be de 
scribed m full Buy mg and sellmg and journeys and measurements ap 
pear here quite as frequently is they appear m addition There arc a num 
ber of problems of comparison w hich arc not duplicated m addition The 
following arc typical problems of this kind John is five feet tall Mary 
IS sixindies shorter John is i- years old and Mary is 3 years y ounger 

nrfDAxirvTAixY different types of suutractiov 
While the number of ways in which subtraction is expressed is some 
what less than the number of ways in which addition is expressed the 
problems which appear in subtraction are far more varied m their funda 
mental character than are the problems m addition There is one broad 
general concept pervadmg all cases of addition that is the concept of 
assembl ng or uniting groups of objects In subtraction the notion of 
withdrawal or takmg away is by no mcaiu umversal The idea of com 
parison is quite as common The subtraction involved m comparison is 
but one step of a larger operation ^Vhen John is older than William one 
finds the degree in which John is older by subtraction but one does not 
take away anything from John 5 age one takes away the number repre- 
senting Will am s age from the number representing John s age ur order 
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to compare the two ages Tlie subtraction is only the first step in the larger 
process of comparison This, subordination of subtraction to comparison 
makes the general concept of subtraction \crj much more complex than 
IS the concept of addition 

aURACTER OP MDLTIPLICVTIOS 

Multiplication is logicallj and mathcmalicallv a special case of addi- 
tion In practice, also, multipbcation and addition arc closely related 
The dose logical and practical relation between the two arithmetical op 
eratiorii is apparent from the \%av m which problems are expressed As 
was stated m an earlier paragraph, problems are verj often so much alike 
m the two kinds of operations that the \erbal formulas used m the ques 
tions are almost indistinguishable The characteristic element of a prob- 
lem m multiplication is ■\ery often to be found in the description of the 
situation rather than in the arithmetical formula For example, when it 
IS said that Marj* bought se\en>'ards of doth at 39 cents ajard and the 
question la asked, “How much did the cloth cost? ’ there is nothing in the 
formal question to indicate the mathematical operation required The 
due to the necessary operation is in the phrase ' a j ard ’ This indicates 
that the cost of each jard of doth is exactly the same Somewhere in 
e\ ery multiplication problem there is a word or phrase indicating that the 
same quantity is repeated Such words and phrases as ‘tinaes," ‘ per,** 
“each,” "on the average,” ‘a day,' ‘a week a yard, “an acre,*' and 
“at the rate of” are characteristic of problems in muluplication Ex 
amples are as follows "How far is it three times around the lot? ’ “Costs 
40 cents per yard ” “Received S6 00 for each ' Saved on the a\erage 
each week ” ' Earned Sr 00 a day * Sold at the rate of ' 

Sometimes the idea of r^etition is not made at all prominent, as, for 
example, m such cases as the following * The second and third grade 
rooms each have 36 pupils Fmd how many there are m both grades ” 
This IS intended to be a problem m mulUplication but m form it is very 
much like a problem m addition Another problem of this type is as fol 
lows “Bob receives 35c for working an hour If he works a full week of 
48 hours, how much will he receive? 

There is great confusion m the inmds of many pupils with regard to 
multipbcation This is hardly to be wondered at when one looks at the 
anthmeUc texts and notes the bttlc definite help that is giv en the pupil m 
gaming a clear understandmg of the operation The books usually mtro- 
duce multiplication by giving exerases in counlmg or exercises in addi 
tion Thus one book mtroduces examples requiring countmg by five s 
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and then passes to problems m purchasing itiv olving repeated live s The 
next exercise demands countiDgh} tens Another book sets doivn the lirst 
examples m multiplication as though they were examples in addition as 
follows 

» 8 5 

* 8 S 


A third book does the same somewhat more sy stematicall} as follows 
1234 

14^4 

CONTUSIOV DECAUSn OF FAn.USC TO DISTINGUISU OFERATIONS 
The pedagogical and psychological principle to which these authors 
would undoubtedly appeal m defense of iheir method is the pnnaple that 
in introducing a new procedure use should be made of all the earlier re- 
lated experiences in the minds of the pupils It is evident how ev er from 
the confusion which arises m the mmds of pupils that too much em 
phasis on similarities in procedure males tt difficult for pupils to gain a 
clear conception of the special and distinguishing characteristics of a new 
operation The mathematical fact is that multiplication is a special kind 
of procedure depending on the repetition of a single quantity To ex 
press the matter otherw ise the small groups which go to make up an ag 
gregate product in multiphcation must be of identically the same sixe 
This fact sharply distinguishes mulUplication from most of the cases of 
addition The most common case of addition is that in which the groups 
which are being combined are not of the same sue 

DEPENDENCE OF MULTIPIJC \TION OV THE ARADIC 
NUMBER SYSTEM 

Historically multiplication was not common and was hardly pos 
sibic before the eiolutionof the Arabic number system *2 he special char 
acler of this number sj stem makes it possible to deal mtli the idea of re- 
peated quantities xery easily The same symbol is used for 5 units 5 
tens jhundreds andsocn tbuscaJln^attenlioo lo Ihe/act that repcti 
tions of a given quantity give results which have properties like the re 
pealed quantity This fact was so completely obscuretl m tl c Roman 
system where dilTerenl letters had to be employed for all tlic higher lev els 
of number thinking that the Romans possessed the useful instrument of 
multiplication only in the most I mited degree 
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MLLTlrUCVnON \ND L\11CJ MUBLRS 
MuUiplicition IS one of the most u>efui ideas that arithmetic c^n gi\ e 
a child as a means of training him in the comprehension of large numbers 
\a has Iicen shown in earlier sections of this chapter, addition is claselv 
related to the de\elopmcnt and u e of large numbers but the extent to 
which the mind can follow the results of addition is \er\ limited The 
numbers prorluced b\ addition soon pass besond direct comprehension 
and arc lost in the highK nebulous tepe of experience w hich al w aj s results 
when mimliers become too large to be interpreted directh Alultiplica 
tion on the other hand can produce a er\ large numbers in a wa} which 
IS fairK comprehensible Thus twentx four 20’s is a fairly eas> combma 
tion to umlerstand while 480 is \er\ \ngue and continues to be so c\en 
if it 13 thought of as made up of 190 and '*90 

UtLTtPLtCmON AND tARCF ENTLRPKISES 
The modem u«c of number m the industries and in saence can fairly 
be said to be characterized l>% cmphasi>on multiplication as distinguished 
from addition Merchants do not estimate the value of their stock by 
adding items as a Roman merchant perforce had to do A modem mer 
chant makes his mventorv ven largel> m terms of an enumeration which 
Is lumed into a statement of values bv multiplication 

IILLTIPLICVTION IN THE TlNTBOOKs VN\L\ZED 
The relalivclv large importance ol multiplication is attested bv the 
<pace allotted to this process in the tevlbooks analvzcd It is sometimes 
difficult to dclermine the amount of space given to multiplication be 
cau e It Is not eas> to decide whether a problem is one in multiplication 
or one in addition U hen there is more than one digit m the multiplier in 
an example in multipbcation there is ahvavs an element of addition in 
volved in the process of sccurmg the product For the purposes of the 
analv SIS which was the basis of this chapter an\ problem involving mul 
tiplication was classed as a problem in multiplication even when it m 
V olv eel also some other process such as additi >n 

Five hundred and twentv one kmds of problems in multiplication 
were found The aggregate number of such problems is larger than the 
aggregate number of problems in either addition or subtraction 

The large number of dittercni tv-pes of problems m multiphcation wall 
be readilv understood when it is remembered that practicalK all the 
arithmetical cases and all the situation cases rcporletl in ad lition are re 
7>ealed here For example in such a problem as the following the formula 
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“find the cost of both” is Klcnticil with one of the formulas found m addi- 
tion “Xcll bought 2 Imcs of cand\ at t9 cents a bo\ Find the cost of 
both ” In like fashion, such terms as “aU,“ “the whole," and “afl to- 
gether” are common to addition and multipljcalion Besides the cases in 
which multiplication is hke addition, there arc special terms peculiar to 
multiplication St\eral of these have been mentioned, such as “times,” 
“per,’ “on the ai tnge,” and “each ’* 

\ \Ktl TV ts IVT» RfSIS OF ALTIfORS 
As one anal>2cs the dilTcrcni tetts, it is \cr> impressive to note the 
points at which dilTerent authors develop certain lines of ihinkmg which 
are not followed at all b\ other authors For example, one author finds a 
fertile field m which to illustritcand expound multiplication in examples 
dealing with groups of people the number of box's on the basket ball 
team, the number of pupils m a room, and so on Another author deal> 
mth planting rows of seeds, another deals with cooLingand dressmaking 
It maj be remarked again that the variety m te-xtbooks suggests the 
possibilitv that variclv of an even more bewnidenng t>'pe ma) appear m 
classrooms where the personal preferences of the teachers arc added to 
those of the textbook makers 

DIFFICULTY OF DIV ISIOS CCVEILVLtY RECOCSTZED 

Div ision lias long been recognized bv teachers as more difficult than 
anj of the other fundamental processes Long divnsion not onI> is difficult 
as divnsion but inv oU cs enough multiplication and subtraction to make it 
aver> complex process because of the different kmds of operations which 
must be performed m securing a result 

cojiPLExm Of the mental processes iwolved in Divisrox 
The reason vvhj div ision is difficult can be explained ps} chologicallv 
by the fact that there are four distinct kinds of considerations to which 
attention must be given ineverj cascof division while m each of the other 
fundamental processes on)} three such considerations or factors are m 
volved \Shen a person adds two quantities, attention must be given m 
succession to each of the quantities and to the result which is secured bj 
combining them In subtraction, attention must be given to tlie two 
quantities which are present and to the result which is secured bj com 
parmg them In multiplication, there are the multiplicand, the multiplier, 
and the product, in this case the transition to the product is compheated 
by the fact that m reahty , the multiplicand is not a single qiiantitv but 
a repeated qu-mtitv If one thinks of the process of multiphcalion in all 
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detail therefore one must recognize the multiplicand a complex fac 
tor or as a collection of factors The complexitj of multiplication is 
e\nded m most cases I \ substituting a rcmcmbercil rule or a remembered 
product for the full process WTien one multiplies 7 b> 3 one docs not 
actualU think of 7 and 7 and 7 one mcrcU recalls a table which states 
that 7 taken 3 times equals 

In division the complexitj whicli is avoided in multiplication bj re 
raembering a rule is onlj partlj overcome bj learning a table The divi 
dend and the divasor which are the frsl subjects of attention in division 
are alwaj's present The quotient is also a factor but one cannot think of 
it m its final form until one has thought of it m terms of a number of 
smaller equal groups into which the div itlend is to be broken up One must 
consciQuslj perform a trial multipbcation thus interposing in division a 
step which has no corr«ponding parallel in the other fundamental opera 
tions or one must exphativ think of the smaller like groups whicli result 
from duasion or finallj one mhsl recall a rule or a table with the con 
sciousncss that the rule or table is a derived fact mv olv mg multiplication 

The foregoing statement can be made concrete b> means of an ex 
ample ‘ Marj has 40 roses with which she intends to make 8 bouquets 
How man) roses can she put m each bouquet’ The process here m 
solved IS the discover) of the fact that Uiere are eight small groups of 
five roses each which can l>e secured b> subd vid ng 40 One can sub 
sUtute for thought about the smaller groups trial multiplicaUon with 8 as 
a multiplicand and various numbers tentative)) adopted as multipliers 
otherwise there is no escape from some kind of consideration of eight 
groups If the meamng is recognized at all the number s m the quotient 
IS not thought of as closelv related to 40 It is a subd vis on of 40 and 
Its character is determined not so much by the 40 as b> the requirement 
that there must be a partition into eight subdlv^slOIls The same 40 could 
be du ided in other wa) s and both the number and the size of the result 
mg groups would be affected This statement is true even in the final 
stage of division where the mental process is dependent like much of the 
multipbcation used b) trained adults on memory of tables 

WEANING or Tin: various rUVDVlIENTU. OPEILVTIONS 
The importance of the disimction which has been drawn between divi 
Sion and the other fundamental processes can perhaps be emphas zed bj 
askmg the quesUon MTiat do the various results of the different funda 
mental processes mean? This quesUon may be answered in the case of 
addition b) sa)nng that the result can be thought of as mcludmg all the 
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Items dealt with in the example Any result secured by addition is a 
tangible outcome which can be thought of without reference to the process 
b> which It was deriv ed When one has put together e things and se\ eo 

things, one has a large group of twelve things The process and its r^ult 
are complete In subtraction of the “take away ’ type, similar final re- 
sults are secured In subtracUon of the ‘ comparison type, as when one 
asks how much taller John is than Mary, the result is m man> cases a 
fact which can be understood only by thinking of all the items ongma y 
given In this case, however, though one must go back of the result to 
understand it fully, one does not have to think of an> thing except what 
was actually present at the beginning of the process of subtraction Mul 
tiphcation is like addiUon The result is a fixed fact, relativ civ mdepend 
ent of Its mode of derivation When 7 «s mulUphed by 5 one can think 
of the product 35 as a definite outcome of the process In contrast with 
all these cases, the result secured bj dividing is alwajs a partial outcome 
If roses are div-ided mto bouqueU one has to make Uic transition m 
thought from one small group to another Any single number w ic re- 
sults from division can never be thought of as final m itself It is a w J 
part of a system o! experience B one tries to understand a ‘J"' 

has to think of several items of experience m order to include all that 
necessary for interpretation Furthermore, the essenUal “ 

division IS not m the thmss dmded but in their arrangement The lact 
of arrangement is much less tangible and final than is the outcome of the 
Other fundamental processes 

DIVTSIOV IN THC AEItmiETIC TEXTS ANALYZED 

The conclusion uhich has been reached vnth rci^rd to ih' 
plemt) of diiision is fully supported by an analysis ol 
division in the lour senes of arilhmetic textbooks In the fc P'“'' ^ 
are a great many »a>s of expressing the requirement that a p““P 
divided Questions and phrases such as the following are usnl 
many adT each have” 'How much wiU it cost each “ 

party? ‘ How many are used per da, ?' ' How much must be ured o" 
an average’ ' ‘ How many con he boy^vvilh two dollais ““'1 ^ 

2, cents each? ‘ How many rows will a group o 35 pupi . . j 

there are , m a row?'’ These quesUons are somewhat 
than are the corresponding questions found m the pr ' division 
addition subtraction, and muluphcation In the seconi j 

situations are comphcaled b, the lact that Vl'"" ,3ro«ral.on 
shows that the pupil must keep in mind a partly I 
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Tte IS t™c or all tracuonal aprcssions John is gumg his brother oao- 
half ot nliat he has, or Mr Dronn is selling at a profit of one-quarter of 
the onginal cost In such cases the dn ision required is C-apiessed m terms 

In '"“"P'"' nfPancal parti 

tion The fracUons ] and | are conventionil cases of di\ision uhich are 
applioble to all kinds of situations and are so frequentlv employ ed that 
they become almost as fixed in thought as the number names 


FRetCTIONS 

Fractions are sometimes defined as diMstons of a unit The fact is 
howe\er, that the most common use of fraction names is to indicate a 
desired division of some quanlitj which is not a single unit One half a 
pound and one half a >-ard arc quantities that are m reality not partul in 
anv proper sense so far as the commodities of which the> are composed 
are concerned One half a vard of cloth is a vcr> substantial fact m the 
\\orId men it is thought of as a factor in actual bfe, it is not part of 
somethmg It t. not deficient m an> of the quabties of cloth It js less in 
amount than certain other quaniiues but the fractional character of the 
description is not reflected m any actual fracuonal appearance of the 
cloth 

In the textbooks analj-zed there are numerous examples of the use of 
fractions as means of inducing pupils to perform the operation of div ision 
The following problems are typical ‘How many minutes in i of an 
hour? ‘ mat is the cost of ^ of a pound of tea which costs 60c per 
pound’ ‘ \\ e used J of a can of pimt which contained f of a gallon 
How much did we use’ Janet is 9 >ears old her bab> brother is i as 
old How old IS the brother? 


LARGE NoarGER OE PROBLEMS IN OmsiON 
The use of fracUonal expressions enlarges ver> grcatlj the range of 
arithmetical formulas found in the textbooks analyzed which must be 
classified under division A total of 594 kinds of problems in division 
was found m the arithmetic textbooks analyzed This is the largest 
number of kinds of problems found for any of the fundamental processes 

DIFFERENT ISVCES BY DIFFERENT AUTnORS 
The figures which hive been presented m this chapter with regard to 
the number of different kmds of problems used m the textbooks analyzed 
sen e to make 1 1 v ery clear that pupils face 1 bewildering array of different 
expressions m the study of arithmetic Even if we correct the extreme 
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impression tnitlc b) die f gurcs reported b> recognizing the fact that each 
mdiMcJual author uses onl> part of the forms cnumcritcd there is sull 
c\ idcncc that pupils are confrontcil by a serious mtelicclual task when 
thej tr> tounlerstamlall thecascsfthich fall under the four fundamental 
operations Of the 4T0 tjiies of proMcms m addition Aletander Sarratt 
uses 14 r Chadsoj Smith 169 Stone 75 and Thorndike i-»6 

RESULTS or CROCTISC LIKL C-\srS 
\ second partial rcductidn of the fgurcs can be ma le b> recognizing 
that certain closcl> related i>T>cs of situations are capable of being 
grouped together For c.xamp 1 e the original enumeration distinguished 
the ca^es m Minch a diild is described as earning money from the cases 
m Mhicli a child had mone> given to him In each of thcs6 groups of cases 
addition or mullipl cation is required that is the\ arc eases of positiv e 
accumulation of monev as distinguished from negative cases such as 
those involving expenditure or loss 

Before one groups together cases in which monev is earned and cases 
in whicli monev is otherwise acquired one should dearl> recognize the 
fact that a mature abstract idea of iiosiUve accumuhlion is implied as 
existing in the mind of the reader of the problems The word earned 
and the phrase received as a gift arc not identical and do not belong 
together except m the thinking of an individual who has converted the 
two distinct conaetc ideas into abstract arithmetical ideas When pupils 
begin to stud) number relations the> do not have the general idea of 
addition and they cannot bring together in their thmkmg earning and 
receiving as a gift except as Uic) cultivate the more general notion of 
accumulation 

The classification of cases under head ngs that seem ver> proper to 
an adult ma) therefore be very arbitrar) from the point of view of an 
immature pupil The only justification for attemplmg to reduce the rtum 
ber of categones used m analyzing the material m the textbooks is the 
des re to av 0 d all appearance of exaggeration of the difficulty encountered 
b> pupiU 

The attempt was made to reduce the categories of classificat on to 
the smallest legitimate number and to classifj problems m groups bj 
putting together problems which are very much alike although not 
identical either m concrete circumstances or m arithmetical formulas 
The 410 types of problems in addit on were thus reduced to an absolute 
mmimum of a6o tj'pes A number of experienced teachers to whom the 
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chss,f, muons mro mlnbilod fasored the naatber 4.0 nthcr tl.an the 
pup* ti:pfo«entmg more adequate!} the demands made on 

VEED OF \NAt\SrS 

This being true U bchooscs all tiho are concerned uith the teichina 

of arithmetic to undertahe anea an anal}-ais of the dimculties which 
pupils encounter in arlthmeuc to seek bj etcr> means available a belter 
understanding of the reasons nhv pupils fill and to devise, it possible 
better methods o' introducing pupds to the numerous and intricate ideas 
Viith \shidi anihmeiic deals 


VECLSSAR\ ANU.\S1S IS PS\CIIOLOClC IL 

The contnbuuon of this chapter to the ps}cholog} of number is a 
bodv of evidence a hich shows that pupils are asked in modern courses in 
anthmetic to cope with an enormously compica body of material and that 
the} are given rcJativelv little help m discovering the character of the 
underl} ing logical principles on ahich the arithmetical operations depend 

Even in grouping concrete situations current teatliooks are very in 
efficient There are levels of abstraetton which must be reached before 
pupils can Classif} together those situations which impl} positive com 
binations as distinguished from negative aithdraaals The first levels of 
abstraction requue cultivation of powers of mmd which pupils do not 
eahihit when they first come to school The various levels of abstraction 
can be reached only b} carefuUv guided mental efforts Modern teat 
books too often gather together elaborate collections of problems but giv e 
no real help m reaching the lev els of abstract thought necessary for their 
solution 

Our anal^-ses lead us to a recogniUon of se\ eral Ie\ eJs of thinking The 
lowest le%el is the recognition of a concrete s tuation in which something 
IS to be done with a group of things The wa> in which the group is to be 
manipulated must be understood Often the group is manipulated most 
rcadilj bj being translated into an equnalent group of tallies There is 
a great Mncty of waj's m which the rearrangements called for m arith 
metic problems are to be made Certain of these rearrangements are ge 
nencalh alike and thej may be classified together as additions Others 
are genencallv alike in a totally different wav and must be class fied as 
subtractions Addition is a word which can bo used to describe a re 
distnbution of concrete objects or a redistribution of tallies The same 
can be said of subtraction multiplication and division 



is\cnoLoaicAL as \i\sis or AurrmirTic 


oc 

Lirly in their school lives pupils arc called on to mister is best they 
can this complex of more or less similar concrete situations and more or 
less sj-slemitic groupings of tallies It is little a ondcr that many of them 
fail to understand the processes of arithmetical combination One of the 
chief reasons for the failure of pupils in anlhmciic is that gcnenl ideas 
arc not cTplicilly taught Teachers expect pupils to think abstractly and 
to genemluc when they have had no adequate instruction m these difh 
cult intellectual processes To correct the present unsatisfactory condi 
tion anthmelic must be understood with respect to its psychological 
complexities as well as with respect to its mathematical characteristics 
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OUTLIVES OF A rS^CIlOLOC\ Of TIIF EUNDUlf VIALS 
OF ARITHMETIC 
pcBPOsr or af\rn r 

This chapter has a double purpose It is intended to sen c as a sum 
marv of the mxesligations reporte<I m the preceding pages It is at the 
same time an attempt to formulate a ps^chologj of the fundamentils 
of arithmetic in such a i\-a) that it can be accepted as a basis for methods 
of teaching 

iaTiioDS OF nn. LWfsnr \ttons 

Three methods of inquirj ttcfccmplo>cd in the investigations report- 
ed A V er) large part of the matcml for this monograph w as collected bv 
wpcnmcnlal methods Apparatus of a t>'pc familiar in ps> chological and 
ph>-siologicat laboralones wa> drawn mto the service of education and 
anal>-ses were made of the roenul processes of children and adults bv 
means of measurements and comparisons of their reactions and mtrospec 
Uons under ngicll> controUed laborator> condiUons A second method 
cmpIo>ed veas the sjstcmatic anal>-5is of the materials used m classroom 
teaching Arithmetic as taught m the schools is the outcome of a great 
deal of practical experimentation on the part of intelligent teachers The 
melhwls which they have adopted in presenting number facts to pupils 
are not mere accidental procedures The> arc the results of gradual ad 
justments and readjustments which have been made in view of difficulties 
and successes observed in classrooms AATiat is now embodied m text 
books IS therefore legitimate material on which to base inferences with 
regard to the processes by which pupils acquire number ideas A third 
method, which is not as fully illustrated in this monograph as are the 
other two methods, is the histoncal method In the first chapter a brief 
summary was presented of some of the leading facts with regard to the 
raaal development of number systems The present wnter has elsewhere' 
brought together more material than is here presented with regard to 
racial evoluUon in this field Enough has been presented in the various 
discussions of this monograph to indicate that the number sj-stem is a 
product of social co-operaUon and not a matter of individual mvention 

•Charles Hubbard Judd Psy<ihohty Socud Inslituhoni chaps v 
York Jtacimllan Co , tgt6 
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STWDUtD TJSIS 

One mclliofl wJiich of Lite Ins been ividcl> used m the stud) ofanth 
mclic Is rtf( rred to otH) inadcntall) it sanous jwints in this monograph, 
that Is, the iTictho<l o( testing pupils* acliicsuncnts b) the use of standard 
tests No extended applications of this method ire reported m the fore 
going clnptcrs Two reasons cm be assigned for neglecting this common 
metbod of collecting infornntion nlmut inlhmelic. In the first place, 
much, it not all of llml w Inch cm lie learned b) the use of tests has been 
very full) ascertained nnd rcportcil b> careful and competent uorJee/s 
In tlic second jilaa. tin. test metbod docs not contribute greatl) to the^ 
detailed mil) sis of imntil proccs.scs Tests arc excellent devices for com 
piralnc studies of tin. siir\e> t)i>c llic) were formulated especiali) for 
tint puriiosc Ihc) cm also be idvmtagcous!) used in lociting tlic 
difTicultics and deficiencies of pupils \\ here anil) scs of the processes of 
thinking arc to be nude, tests prove to be inadequate 

UMtTATIOSS OF TIIF PRI SI NT 1N*\ ESTIGATIOV 
II) the adoption of experimental, anil) tical ond historical methods, 

* It has been possible to bnng together a large bod) of facts regarding the 
fundamentals of arithmetic The limitations of the studies reported are 
man) md fairly evident Perhaps u will be well to make the espbat 
statement tbit this monograph does not la) an) claim to being a com 
plcte treatise on the ps)cholog) of number consciousness It does not 
touch on such important nutters as the ps) cholog) of deamnh and the 
ps)cliology of involution and cvUiution It does not deal at all exhaus 
tively with denominate numbers or vviUi the psychology of measurement 
The field of this monograph js the field of early instruction m arithmetic 
The period during whidi pupils arc bccommg acquainted with the funda 
mental ideas md processes of rudimentary mathematics is the period 
covered m tlic scries of investigations reported 

yrtliim R NOT A TRODUCr OF IVSTmCTIVE RF ACTION 
Certain general conclusions ore justified by the facts discovered and 
described Ihe first of these can perhaps fw stated most forcibly by using 
negative terms and by rejecting a statement which is sometimes made m 
educational ps>c'liology Arithmetic is not a product of instmctive inter 
csls or tendencies The individual does not develop an mterest in number 
because of any native or inherited disposition which impels him to be 
exact m his thinking Infact alltheavailablecvidenccgoestoshowthat 

umber is a very fate product of social co operation Jlen did not count 
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and clcuhtc am, I th« had rnchcd a nlagc of h.c a here propcru had 
accmnuhled and untd mlereourte lielnecn members of Ihe social oroun 
had npehe. the point ahere eactness in thought and eapression iras rl 
t|uired hi the group and aas imposed on the mdii idual bj llie group 


TRiitiTur pmarrios or ql \STn\ 

There ji doubtless present m all consciousness some evnluilion of 
quantities One recognizes the familiar objects of furniture m one s room 
and the members of one’s fnmi!> bcforconecan count liecognition of the 
pnmituc t>pc here described is probabh found in animsis as well as m 
man There is, howc\er, a \ast diiTercncc between being able, on the one 
hand, to recognize familiar groups and being able, on the other hand to 
perform the elaborate mental act of cjplicill> defining the number m 
sucJi a group 

DISCJUin-SlTION \n ACriVT PROCESS 
The steps bj which the fust recognition of groups is cons cried into 
an crplicit recognition of number are as follows The observer must first 
discriminate the indiv iduat items which make up the group Discnmina 
tion IS an acluc process it roa> be <lcscril>etl as dependent on reactions 
m which the ob«crv cr gi\ cs individual auenuon to each of a succession of 
Items and makes a distinct movement corresponding to each item The 
difference between the successive movemenu is often not great A gesture 
of pointing IS an individual reaction \ second gesture maj be m almost 
the same direction as the first but if there is a rccogni^ble difference in 

the direction of the gesture it will serve to mark the two objects of atten 
tion as distinct from each other m location The two gestures which are 
here described as means of discrimination ma> be extended so as to be 
come charactcnsUcallj different in respects other than spatial direction 
PnmiUvc peoples use clabomtc methods of pointing m helping them 
selves to discriminate objects They point first with the hand stretched 
out, then with one finger bent then with two fingers bent and so on 
The characteristic gestures thusdcvciopcd are both aids to discrimination 
and means of retaining m mind the series as a whole 

The motives which a person may have for separate reactions to the 
members of a group of objects are often various and do not m all cases 

lead tocountmg la practical life wmeobjecUare discnmmated because 

they are grasped some objects are discnminalcd because they are re 
jected Active discrimination m such cases is seen to be much broader in 
Its scope as a form of human behavior and human experience than is 
number consciousness One of the most important generalizations of 
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modem psjcliotogj is the pnncipfc thit il! ittcntion and all discnmina 
tion arc condmoned by reactions of some t)T5c 

VUifBFR IS A tATR PRODVCT OF ttlSTRlCT T/rtyWSG 
TIic intellectual step vyliich must be taken in passing from the simplest 
and most immediate discnminaii\c reactions to enumeration is a long 
one and involves as antecedent steps the evolution of language and the 
evolution to some extent of the poiver of abstract thinking That Jan 
guage m general precedes the production of number names m particular is 
showTi by the fact that semi barbarous tnlics which have verj few num 
her words have relatively large vocabularies of names for the objects 
which the) possess Not onl) do they have words, but the) are able to 
use these words as designations of whole classes of objects W ords help 
in the formation of class ideas and m this way promote abstract thmking 
The foregoing statements arc confirmed by the fact that the most pnmr 
live forms of enumeration consist m calling off the names of the objects 
which arc being enumerated Even now, when we are in full possession 
of a series of number names, w-c designate the members of the family by 
names, and whenever we have occasion to find out whether all are pres 
ent we use names, not numbers In like fashion we sometimes call the 
roll of a school class or of a company of soldiers by using names These 
are cases in which the laterest of the enumerator in the individual mem 
hers of the group is strong 

NUMBER DFJ’ENDS ON JVTEREST IN OBJECTS OF UMTORII TYPE 
One has to thmk of the transition from enumeration by nammg to 
enumeration by counting as takmg place when men became mterested m 
groups of objects — probably possessions — ^nhich were so uniform m 
quality and m appearance that interest m the individual object receded 
and interest m the magnitude of the group became prominent 

SOCIAL DEMAND TOR EXACTNESS 

There is also probably to be postulated as necessary to the evolution 
of a number system an element of social competition or social demand for 
exact communication Men began to ejxhange commodities with one 
another and, m so doing demanded of themselves and of those who en 
tered into barter with them exactness of statement about the items in 
volved • 

TAIXY SYSTEMS 

As necessary devices for coujitaigand as jneans of serving the interests 
of the social group tally systems were evmlved The wampum of the 
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Indans, the pebbles of the Romani, other objectue facts such as sticks 

ormarks an(!,abo\eal!, the finserswcrccallcd upon to help themindsof » 
primitnemenmUingetact Men used these tallies when the> desmbed ' 

to themselves and to those with whom thev had dealings the magnitude 
and value of groups of objects 

SOCIAL aiVRACTl E OF Till. IDF A OF VCCLTLta 
It 13 to f)c noted that there came into the life of man through the 
evolution which is being sketched a new kind of demand, Ixirn of social 
relationships, namclv , the demand for precision and accuracj It used to 
lie said with complete assurance that arithmetic cultivates certain general 
mental attitudes Of late, it has liccomc the custom to dcn> all general 
training because it is assumed that Ulief in general training involves ac 
ceptance of the doctrine of formal discipline in its most extreme form 
The evadcnce derived from the c.xpenmenU reported m this monograph 
shows that school msUaiction may produce general ideas of addition and 
subtraction and, above all, general ideas of the s)stcmaitc character of 
the Arabic number senes IndeevI, we can go much farther m refuting the 
position which has frequent!) been taken b> those who deny general 
training W e can assert with a high degree of certainty that the result of 
all gootl teaching is the cultivation in the minds of pupils of broad general 
ideas w hich could not hav c ansen through the simplest t>Tic of perceptual 
recognition of objects As soon as the mind of man developed names for 
classes of objects generalized thinking began As soon as values began 
to be recognized in various objects of the environment, man developed 
the general idea of worth and began to demand the description of this 
qualit) General ideas represent the mature products of experience when 
experience has accumulated to the point where it is something more than 
mere recognition of objects 

EVOLUTION or THE CFNI RAL ATTIXODn OF EXACTNESS 
Among the most important general ideas which the race has developed 
is the idea of exactness Children do not have this idea any more than 
savages m the first stages of social life have it In the individual, as in the 
race, expenence has to mature and social demands hav e to dnve the indi 
vidual to the consideration of something which would not have emerged 
as a clear idea if there had not been social pressure for its recognition 

A PERFECTED NUMllER SOIEHE HISTORICALLY LATE 
The evolution of number in the history of the race was very slow 
Crude methods of expressing number continued to be the only mstni 
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mcntJ>of tndcand measurement c\en in historical times The appearance 
of a higlil> pcrfcclctl S) stem capable of expressing manifold number rela- 
tions and capable of being usc<l in intricate processes of calculation is a 
matter of compantivelj recent ]iistor> The Arabic number sj-stem 
came into Furopc and superseded the clums> Roman sj’stem in the 
Sixteenth Ctnlurj 

ClIlLTlRl^’S DISCanirNATlON CR\DU\LI.\ POVflNATJD 
BY SOCIAL norm s 

hat happcncil m the mciil cixilution of number is repeated in some 
of Its more prominent phases in the life of the indii idual child The child 
begins life w ithout clear discrimination of the objects of his environment 
As the child s experience progresses certain objects are selected for specific 
reaction and for discriminative attention Discrimination is, at first a 
result of the maturing of the personal interests of the duld There is a 
positive response to those objects which afford comfort and there is a 
specific reaction of rejection to those objects which are found to be dis 
agreeable Later discrimination is guided b> social rather than personal 
conMdcrations SomeoCilieobjcctsof achild scnvironmcntarevig6rousl> 
brought to hia attention by hiscldcrs Tcople ihemselvesare soconspicuous 
apart of his environment and such regubr sources of comfort that the cluld 
learns earlj m life to distinguish people from things and bestows a v er> 
large share of his attention on people and their doings Attention is here, 
as m all other cases amatterofaclivercsponsc The child moves his eyes 
in fobowingpeople about the room he smdes in response to social example 
he kicks and moves his hands and arms in delight when he is stimulated 
by the approach of some familiar person From this point an the de 
velopment of the child s reactions and of his interests takes a direction 
which IS determmed in ver> large measure by his interest m people 
He is guided by those about him He becomes part of a social group his 
mterests are those which the group as a w hole emphasizes 

cititDRcrr snrpLrED wmi scaicstES of reacttow 
The child m a modern civilized family finds the group interests and 
group reactions verj highly evolved and fixed by long usage If we think, 
for example of the complex reactions which make up language, we realize 
how elaborate are the sj'stems of behavior of a civilized soaal group In 
support of his own interests and m response to the coercions of society, 
the child IS compelled to cultivate as rapidly and as fully as he can Ian 
guage reactions which correspond to the accepted conventions of the 
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KTO ip tthich surroundi him IIi> lasl m this ctw is not to in%cnt Ian 
puagc hut to adjust himst.!f to the social scheme 

NtUUJR vs \ SOaVL SaiEME IMPOsFD OS Tirr LVDIVIDt, \L 
WTiat b. true of Language b emphaticiUv true of number The num 
Iter s\stcn hah ghlj evohetl sv^tem of social reactions which the child 
fmtU m the world into which becomes Tlic child s rcbtion to Uic niiml>cr 
'chemc m mans respects diiTerent from that of the ncc os i whole 
The nee lias passed through a long process, of evolution in the course of 
which 11 h-LS producetl h\ etcrctsc of its inventive genius various svs 
terns of tallies that have «vr\e«l to record its gradunllv increasing ex 
perlncss m noting quanUtativt facts Tlic nee not onl> Im evolved 
svstems of tallies hut has devoted much attention to the refinement of 
the svstem Itself Jn Uiccour<cof ilscaptrimcnLalion, ithisal^o evolved 
certain broad general ideas which result from tlic use of the number 
scheme Vmong these general ideas is that of exactness 

The child comes into a social environment which is possessed of a 
highlj pcrfecletl number s>sicm but the child feels no need of it and he is 
mcnpable of the abstract thinking that is nccessar> for the intelligent use 
of this sjstcm To the child the numlicr 8>stcm is in itself a ! od> of ver> 
complicated cxpcncnce Itc is forceil to acquire the s>-stcm in order to 
adjust himself to social <!cmands lie finds his social environment aggres 
sivel> forcing on his attention a s>-stcm of names ind a mode of thinking 
which arc not at all natural to him and not of his choosing 

\\Ticn one thinks of such matters as compulsorj education nnd the 
school curriculum one realizes how aggressive sociel> is in forcing the 
pupil to adopt Its mclhcKis of intellectual operation Adults know that it 
wall be advantageous for children to Icam how to think with precision 
Adults know that the best svstem to use in order to think with precision 
is the sjstcm of Arabic numerals Therefore adults assemble children in 
classrooms and by everj possible means strive to induce and compel 
them to adopt the Arabic numerals and all that these implj The de 
hlierate cflort of soaetj is to give pupils in a few j ears and in its most 

highlj perfected form that for which thcnlcestrovedunng long centuries 

Tirr STFPS NECISSVRV IN lEACnPvC AS COVriUVSTLD 
wini THE STVCES or msioRicvi. evoldtiov 
T he number system to which the race introduces the pupil through 
school instruction must be Tesolvcd for purposes of school use into a num 
ber of simple phases The sj-slem cannot be taught without being sub 
divided because It involves a vanetj ofrhffcrent types of mental activity 
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for Us complete mastcrj , furthermore, it imoUcs various levels of ab 
strict thinking, the highest of which can lie attuned onlv when the lower 
hive been fullj mistered The inilj-sjs of the number si’stem for pur 
poses of instruction will not ncccssirili result in the same internal 
divisions of arithmetic as those which arc suggested b> the historj of 
nciil evolution Tor example, there was i long period when all the com 
binalions, even addition, were mide with the iid of material objects, 
which served is tallies Modern mdizalion is in possession of a number 
s>stem so highlj perfected thit mechanical aids m compulation can be 
dispensed with Another example of the modem perfection of the number 
sj stem IS to be seen in the fact thit the nine digits and zero can be used 
to express all the possible number idcis The older method of using differ 
ent sjmbols for different numbers is still reflected m the number names 
where the words ‘ hundred,’ “thousand' and “million' mirk stages m 
counting which ire thought of as new lor purposes of calculation, the 
race has reduced to a simple s>stem of digits all the differences which 
Uiesc names express When pupils learn the rules of caJctilaiion, they 
can take advantage of the s>stcm of digits which shows that lo and leo 
ind 1,000 arc alike in their fundimentaJ properiiesinspucof the marked 
differences in their names 

TEACniNC AS A TROCESS OF ADVPTIVC PUPILS TmNKlSC 
AND TlIC KUilDER SLSTCil TO E VOI OTOFR 
The conclusion to which our discussion brings us is that the child in a 
present daj school is urged ind even compelled b> his elders to learn 
rapidl> and without regard for his native interests a sjstem of number 
and the corresponding abstract idea of exactness The devices which the 
child acquires are different m certain important respects from those which 
the race employed in the early stages of its experimentation with the sj-s 
tem Though it IS highly perfected the number system is difficult for tlie 
child to acquire because it is complex and the child s powers of thought are 

hmited Theprocedureofguiding the child to the complete understanding 

of number wall be successful only when there is an mtelligent analysis of 
the number system on the one hand and on the other hand an equally 
intelligent consideration of the child s modes of thinking and possifiuities 
of dev elopment m the mastery of abstractions 

LAWS or ASSOCIATION IN LEARNING NTJIIBER NAMES 
It may seem to some readers to be superfluous to reiterate the fact 
that the process by which anthmetic IS learned is one of two sided adapta 
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tion There is, ho\\e\cr, much cwdencc to sho^v that due consideration 
has not liecn gnen in the schools to the fact that the child s methods of 
thought must be understood if the teaching of anthmetic is to bca success 
For example the histoncal de\clopment of number undoubtedI> de 
|>endedatc\er> step on practical apphcations Names for the large num 
bers \\cre not dcMscd until thej nere required for practical purposes 
At the present time since all the number names arc in the possession of 
societs , It IS more economical to teach children a senes of names which 
IS much more elaborate than practical needs dictate Bj its own nature 
the mind tends to follow rcadilj one line of assoaation at a time The hne 
of association which is established when the pupil Jeirns to count is rela 
ti\el\ casj to carry forward when once it is started It would not be 
economical to teach pupils the number namcb “one ' two ’ and ‘ three 
and then to pause as did racial evolution and develop some of the rules 
of combination before going on to the number names four,’ 'five,' 
"sue,’ etc 

rvDivTDLAL iicTiioDS OF aiAsn:Re.c vtnnjER 
The psj chologj of anthmetic teaching is a mature of the psj cholog> 
of the number s)’stem and the psychology of the learner The number 
sj-stem ts the embodiment and product of a long line of mental experi 
ments The number system has characteristics which result from the 
operations of the minds which produced it The number system has 
mature intellectual characteristics which can be described and under 
stood It IS equally true that each human being who learns the number 
system and uses it has a number consciousness of his own This personal 
number consaousness is to be explained in part as imitating society s 
number sjstem and in part as made up of the mdividual s own methods 
of thinking If the mdivndual s masteiy of the s> stem is quite inadequate 
It often becomes necessar> for society to condemn the results of n um ber 
thmking which the indmdual reaches by his private intellectual processes 
Tor example if an individual believes that 7 added to 8 produces 17 
societv will disapline him If on the other hand the mdividual has cer 
tarn private ways of thinking about number and using number which do 
not adversely afTect the practical outcomes of thmking society is tolerant 
and will not attempt to coerce the individual Tor example certain per 
sons hav e w hat Gallon described as number forms The number senes 
is ahva>s pictured in the minds of sudi persons as arranged m a fixed 
spatial order This is a matter of purely pnv ate imagery The essential 
character of number ideas is not influenced in anv wav bj this method of 
thmking of individual digits The number system has been mastered by 
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the mind in its own way, and societj is not concerned to change the situa 
tion 

RELATION OF EDUCATIONAL PS\CnOLOG\ TO SOCTAL PSYaiOLOCT 
AND TO INDIVTOUAL PSYCHOLOGY 

The double analysis of the psychology of arithmetic into the psy 
chology of the number sjstem on the one hand and into the psjchoJog> 
of the learning mind on the other is the duty of that division of science 
which IS hnown as ‘ educational psycholog> ' Educational psj cholog> 
diiters from soaal psychology because the latter deals not onij with the 
perfectednumbersystem but also with the series of processes nhich begin 
where there was no number system Social psychology must trace intcl 
lectual progress fromits historical begmmngs to the point where a sjstem 
has been evolved which is one of the most perfect achievements of group 
cooperation As contrasted with social psychology, educational psy 
chology IS concerned primarily with the completed number system and its 
implications Educational psychology differs also from individual psy 
chologv The latter commonly overlooU the fact tint there are two kinds 
of sources from which experience is derived the one source is phvsical 
objects which are important chiefly because of the sensations which they 
arouse m the individual mind theothecsourccispsychicalobjects suchas 
number languige customs andgovemment nhicharciraportantrotso 
much for the sensations which they vield as for th“ modes of arranging 
ideas which they mducc m the individual s experience 

NUMBER AS CONTENT AND \S METHOD OF TniNKINC 

WTien educational psychology treats of number m the way which is 
implied m the foregoing paragraphs it will not describe number merely 
orprunanly as a new content of evpcnence It Will describe number as a 
device for a highly evolved form of thinking This statement docs not 
deny that the number system is content The learner must know one 

and two and the other number names and must know the d gits which 

correspond to the number names He must also know the rules of various 
combinations and their results In these respects number is content of 
experience The value of number however js not in jts contribution to 
the content of consciousness Number is a device for arranging many 
different facts of eapcncnce into groups and for comi ining and rccom 
bining these different facts of experitnce Numlier is thus seen lol t a sys 
tern of thinking Its place in the educational scheme is not primariK that 
of an informational subject It is a subject whicJi teaches the indn i linl 
to organize ideas in sv-stematicand ejeact fashion 
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FvnjEMi. ri D\roric\L %TTm.Drs toward ARintwiTic 
Such distmction.s as ha\c been made in ihe foregoing pangraplis can 
perhaps be sho \n to be of practical imfwtmce to the teacher b) drattin" 
a contrast lietween laoexiremeatutudes which art often taken in school 
with regard to anthmetic There is on the one hand, an attitude that 
anthmctic is an interesting sxstem of stmbola and rules to be leimcd 
through Mgorous drill and to be kept m the mind as a Ixxh of content 
There is on the other hand, the altitude that number should be taught 
onlj in so far as it is absoluteU necc^sar> in soK ing the practical problems 
of onlmara life Thn«e who want to reduce the use of numlicr as a school 
subject to its lowest possible terms hold that there should lie a minimum 
of drill and a minimum of attention to the rules of number combination 

CORRECT Ti:\aiC.C RiCOCMZFS VUMBFR IS COSTTST \-VD 

AS sfrnioD OF thought 

Somewhere between thc<e two extremes lies the true psjchological 
position The numlicrsa stem which the race has cioKed is a complex of 
s^TnlwU and of rules of combination Some mental c/Tort is necessary 
for the master) of the siTtcm itself In so far as this is true arithmetic is 
a content subject Lqualh true is the statement that the number S)*stcm 
is a means of arranging the facts of experience in such a wa) that thej 
can be dealt with preciscl) although thev arc quite chaotic m their own 
quabt) and order of presentation Because the number si-stem helps the 
induidual to arrange his experiences it is the mdispensable instrument 
of all science and of commerce where facts must be dealt with not in a 
chaotic wa> but in such a wa\ that relations are definite and clearly 
recorded 

Educational psjchologa of the t>-pc desenbed in the preceding para- 
graphs teaches that when the pupil acquires the number series becomes 
into possession of a saluable guide to thinking he gams knowledge of an 
orderl) arrangement to which he can match the miscellaneous experiences 
of life The fixed order which in earlier chapters was called the subjec 
ti\e counting senes or the senes of number names is acquired b) the 
child with the other words of the a-emacuhr as a part of the soaal sjstem 
long before there is an) urgcnc) in the child s mind for precise and orderl) 
thinking Indeed, the notions of prcasion and order are themselves prod 
ucts of drill and use not parts of the number sj-stem itself 

VUIIBER AS ONE OF TME niCIICR SlUNTXL \CQUISITIONS 
As was stated m an earlier section of this chapter, number is not a 
product of instmctiNC reaction it is not inherited and it is not a matter 
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which children seek of their own imtiative The expectation that httle 
children are going to shon a spontaneous interest in number such as they 
show m good things to eat or in bright colors or noises ivhich appeal to 
their senses is certain to meet with disappointment The contrast be 
tween mstmctive interests and interest in number is attested by the fact 
that number is not acquired by mental defectnes One of the clearest 
marks of mtellectual defiaency is lack of abihty to understand even the 
simplest number expressions A mentally deficient child often has m 
stinctive reactions highly developed but is without mterest in number He 
IS also without soaal interests and capacities Even when he responds to 
colors and to other sensory qualities, he does not possess any subjectiv e 
systems, such as number 

nmoRTANCE OF Tin: group djea 

The normal child acquires number by soaal imitation He first learns 
the number names from those about huti These he matches one by one 
with vanous kinds of objects and gradually achieves the notion that a 
group of objects is a new kind of reality A group of five things is a reahtj 
distinct from the individual objects which compose the group Tive peo- 
ple are not merely five separate experiences they are a group The group 
has a kind of reality which is broader and more inclusive than the indi 
viduals of which it is composed 

iffiraoDS OF cointDvTvc crows 

As soon as the pupil is able to recognize even in a primitive wTiy the 
fact that numbers help him to group the objects of the world in which he 
hv es a new type of thinking is possible He b^ins to think of combining 
and recombining groups The simplest way to change a group through a 
process of combination is to extend it Thus if one counts people and 
arrives at the point where slt persons have been clearly distmguishcd the 
next step is to add a seventh At the stage where thmking deals with 
groups counting is something more than matching a subjectite series 
w ilh an objective senes Counting passes mto a higher stage and becomes 
addition 

ADDITION MORE T^A^'•COUNT^SO 

It IS impKirtant at tlus pomt that a psy chological prmaple of the 
highest Significance be explicitly introduced and understood The state- 
ment that addition is deri%ed from amnting and grouping cvpcncnces 
does not provide a full psychological account of addition The psy cho- 
logical description of addition is not complete until it is noted that the 
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mm i Vihich mnk« t{ e lnin‘jtion from tounting to iclchiion has achic\ed 
a new and unique form of thinking uhich is more liighK orgamitt! than 
counting and consequently of a higher l>-pc 

TiinriR T\TES or coNsciotsviss pRontCTb or 
Ml NT \L Dl \1 UlPMt-NT 

The characteristic fact in all progressive mental life is the gradual 
achievement of new levels of experience through organization Wlicn the 
elements of expcncnce arc put together m complex organizations, new 
kinds of thinking an. produced \\c express this b\ saying that the idea 
of a group la an abstract idea It is not like the succession of concrete 
ideas secured by observ mg mdtvadual objects An abstract idea is a com 
prchcnsivc idea including individuals as distinguisliabic items and at the 
same time sulxirdirutmg the individuals to the brger whole m which 
they are included 

As soon as the mind reaches one supenor lev cl of thinking through the 
organization of experience, it is capable of taking the next step m advance 
Counting being matured into grouping u is now possible to deal in 
vanous ways with groups Thus groups may be compared with one 
another if they arc not too complicated Groups may be reassembled or 
subdivided '^e mental processes which arc evolved when groups are rc 
coml incd m vainous way s are familiar and liavc been amply illustrated in 
earlier chapters 

CENTR-Vt IDE VS it VTUSE SLOW LV 

From what has been said it will be readily seen why time and much 
trammg are necessary m order to mature the child s development of 
arithmetical ideas General ideas of what a group is and of the way m 
which groups can be rearranged come only through contact with many 
different groups ^\'hen once achieved the higher type of Uimkingis con 
tmually enlarged and refmed by being employed m different connections 
The idea of addition for example is not a fixcil notion It cannot be 
given to a pupil It must be acquired through a long period of enlarge- 
ment of experience in the course of which various kinds and degrees of 
recombination of groups arc experienced 

A very false and nusleaduig psj chotogical doctrine has been current in 
some quarters It is said that m the pupd s mind, addition is nothing 
but a long hst of particular combinations Such psy chology does not pro 
vade any explanation of the genCTal or abstract idea of addition as dts 
tmguishctl from particular expenences ^NTien a teacher thinks of addi 
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Hon merely as a senes of separate processes be maizes no provasjon jn Jus 
teaching scheme for the operation of the generalized idea 'When, on the 
other hand, a teacher thinks of the idea of addition as a generalized idea, 
he mil strive to emphasize this idea He will have confidence that, if the 
pupil IS carried far enough to acquire an insight into the general idea, the 
pupil will, because of the mner drive of this general idea, help to tram him- 
self in particular cases not explititly included m the lessons taught m the 
school When once acquired, a general idea is a dynamic fact in expen 
ence 

GENER,\L IDEAS HAVE REPLEX INJLDENCE OX THINKING 

The second truth which is to be thought of in this connection is that, 
when a general idea is formulated, it reflects back on the experiences from 
which It was derived and gives to these experiences a new meaning and 
value which the> could not have m a mind which has not developed the 
general idea The simplest numbers have a new value for the child who 
has learned to add Such a child wiU never use number names again with 
out importing into them the feehng of possible grouping and regrouping 
It was shown in an earlier chapter that there is progress m counting 
throughout the grades even though there is no expUcit instruction m 
counting during this period The improvement noted is part of the 
gradually expanding comprehension of number and of the gradual!) in 
Creasing famihanty with the modes of thinking that are involved in all 
abstract arithmetical thinking 

ORCANIZATIOX THE MAJOR EACT IN MENTAL DEVEtOPatFXT 

The principles which have been enunciated m the foregoing para- 
graphs can be summed up in the general statement that the character of 
every mental process is determined byitseiganizaUon,not bj its isolated 
elements 

It has recently been contendeil by the school of so-called Gestalt 
ps) cbologjsts that there are no elements in consciousness It is undoubt 
edl> true that there are no isolated dements ihercarenoelcmcntsnhich 
can be detached from the mmd s mode of uniting them into patterns of 
expcnence For the student of educational psjchologj this means that 
number experiences are gradually matured through organization into 
higher and more general tj^pes of thinking Group ideas are of a higher 
order than the process of counting addition and subtraction arc of a 
higher order than mere grouping W ith each slqi upw ard to higher lev cU 
of thought, the whole number scheme is seen bj the learner in a new per- 
spective, and each item of expcncnce takes on a new value and meaning 
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rrELivcs or covnotNCE 

WTif fi number con»aousne 45 reaches one of llie higher !e\ eb, such as 
are here under consideratjan, »l becomes po^silile to \\ithdrat\ attention 
from the simpler phases of eapcncnce For example, when one learns to 
add, one docs not nccxl each time to go through llic full process of gi\ ing 
attention to all theindiMdual items in the two groups which are combined 
The groups^re assumed to be made up of items, and all that is nccessar> 
13 to consider the groups as wholes Tlic trained individual knovvs that 
he can, if necc^rv , go back to the lower lev eU of experience, and he some- 
times does go back for purposes of verification Under ordinary condi- 
tions, however, he does not go back to tlie steps necessarj for complete 
verification Consciousness at the mature stage includes a factor which 
represents to the mind the possibihl> of going through the longer process, 
this factor we ma> call a "feeling of confidence ’’ The person who knows 
that 6 added to 7c<iua!s 13 has, in addition to a know ledge of the sum 13, 
a mature altitude of mind which issues from all the earlier eucpaiences 
with the two constituent groups and with the process of addition, this 
mature altitude of mind is a knowledge of the result of adding 6 and 7 
combined mth a feeling of confidence that 13 is the correct sum We 
desenbe the situation bj sajnng that the experience of addition in this 
case IS somewhat indirect, It docs not have the utimediac> of contact with 
Its conaetc background which the simpler process of counting has, and 
>et It is accompanied by a vnvid feehng of confidence, which is the result 
of earlier training 

ITVZAKDS OP IXOrRECT TREATSIENT OF NtlllBER REl-VTIONS 

\N'hcn addiUon gets awa> from its complete dependence on counting, 
Us indirect character mtroduces certain hazards into mental life which are 
well known to all teachers of anUimetic It often happens that pupils 
attach the attitude of confidence to results which do not merit confidence 
In short, wherev er a mental process becomes detached in any degree from 
Its direct dependence on concrete experience, the possibilities are opened 
for a variety of interpolations of foreign and undesirable elements which 
endanger the validity of the process 

IJsOW LEDGE OF THE USE OP FOItSUJI.AS W7TnOUT tPsTJERSTANDING 
OF THE FOlUnJLAS 

The indirect character of the higher types of anthmetical thinking 
has one very significant consequence It is possible to learn and to retain 
the formulas for the procedures which are implied in such thinking wnth 
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out passing through the expenence of deriving the formulas Let us 
illustrate this statement bj reference to a formula -which is sometimes 
usedinprovmgthecorrectDessofprocessesmmultiphcation Ifive cast 
out 9%” as It is called, m the multiplicand and m the multiplier and 
multiply the remamders m the two cases and again "cast out 9's, we 
get a number which corresponds exactly to the number leftwben the 9’s 
have been cast out after adding the digits in the product Anj one who 
has been taught this rule can use it to prove multiplication and will ulti 
mately cultivate confidence in the rule even though he cannot e-qilain the 
rule and has no knowledge of the basis of the rule m the nature of the 
number series 

There is so great a possibibty of short circuiting mathematical opera 
tions in the fashion just descrtb^ that a veiy laige part of the study of 
arithmetic in the schools becomes a matter of accepting and learning rules 
rather than a matter of verifjrmg processes Very few people have actually 
verified 11X11=121, and still fewer are dear as to the reason why invert 
mg a fraction and multiplying is the same as dividmg by the fraction 
which IS inverted 

It would be a highly interesting psychological inquiry to ascertain 
how far pupils who have studied anthmelic accept unverified rules and 
how far they have the more complete type of knowledge that gives them 
a thorough comprehension of the processes by which formulas are deriv ed 

lACK OP ANALYSIS IN TEST SCORES 

ReverUng to a matter which has been mentioned before, we note that 
the ordinary test m arithmetic makes no distinction whatever between 
mere memory of formulas and comprehension of the processes invoh ed in 
amvmg at formulas Indeed m some mstances it is probably true that, 
so far as fluency m certain types of operations is concerned, the person 
Who knows the rules thoroughly but has httle comprehension of the 
processes makes better scores on tests than does the individual who has 
the more fundamental form of know ledge 

UNDEKSTANDINC ESSENTIAL TO PROGRESS 

The crucial test of complete knowledge comes when one must use a 
process of a lower level in order to understand a process of a higher type 
Anyone who knows only the rules of addition and docs not understand 
the meaning of the process will nev er be able to understand the meaning 
of positive and negative quanbties The person who knows merely the 
rules of iwinting off decimals in division is very likely to become confused 
in many situations which he encounters 
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COIIPIXTE TE-MMNG TV\OL\TS t^.'DERSTA^’Dr^C 

It js cMdcnt on the grounds explained that instruction in arithmetic 
must combine in a proper wa\ methoeb of manipulating numbers and 
acquisition of the meaning of the incrcasmgl} abstract ideas which are 
imolvetl m such manipulation The teacher must teach pupils to add 
and should also make certain that there is deielopedamdcquale under 
standing of what addition means 

There arc tM 0 aj s in ahich a pupil ma> acquue a know ledge of what 
addition reall) means Hemaybebroughtintocontactwithagreatman) 
cases of addition and, b} a gradual process of abstraction and gencrabza- 
lion, am\ e at an understanding of the process The altcmativ e is that the 
teacher shall gi\e explicit instnicUon m the roeamng of the process of 
addition and thus hasten the rimial of the pupil at an understanding of 
the general idea 

Eindently, the latter is the more economical procedure and the one 
which IS to be adiocated We are led, therefore, to see the importance 
of an analysis of the process of addition, we realize the pedagogical import 
of the lessons taught by the earber chapters Teachers must be per- 
suaded that addition is a process of combining or putting together and, 
as such, can be explained m general terms It is also subject to certain 
general law^ This means that the person performing addiUons must 
understand that there is a definite relation between the niunencal out 
come of addiuon and the quantities of the addends which are combmed 
Neither the notion of combination nor the idea that addition follows pre 
cise laws can be ormtted from the pupil s training if he is to be fully 
acquamted with anthmetic 

THE TEACHTNO OF T>\0 ASPECTS OF ADDITIOV 
Of the two phases of the addition idea that which is to be described 
as the notion of precision m thinking is by far the most novel to the pupil 
It is fairly easy to get the idea of combination but it requires a great deal 
of expenmentation and sj’Stematizalion of the facts to be certain that 
one can add with precision A generaUon ago anthmeUc was regarded 
as trammg m numencal preajion Long drills were common m the 
schools on the purely nuraencm side It was assumed m earlier days 
that, if the school cultuated the idea of precision, the emergencies of bfe 
and a very bttle teachmg would proxnde opportunity and adequate mo 
U\es for the de\elopment of the general idea of combination Of late, 
there seems to be some relaxation of emphasis on precision and a dis 
posiUon to give major attention to findmg and displajmg to pupils all 
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the djJTcrcnt kimis of ^ituitioni m whicli aiMjUon combinations arc ap- 
propmtc 1 Ills latter form of cmphists on inducln c mctbofls is Jiizart) 
ous If the inininf* in anal>sisof concrete situations is earned far cnougli 
It IS doubtless ixissible to amit m (he long run, £W the nee has, at a full 
understanding of the number sastem and of the principles of precise think- 
ing If onlj a hmileil numlier of practical situations arc dealt wtli, the 
comprehension of the meihoih of Ixnng precise xtiai be \en mcomijktc 
because the practical situations tnaj not contain enough cases of numbers 
to gi\ c the child an insjgJii mio the underJ> ing prjnciplra of the number 
s) stem and its true significance as a means of securing precision 

Tlic cfiicicnt teaching of addition requires explicit instruction in 
both phases of the jirocess The lc<son svhich educational psvcholog) has 
for the teacher is that neither thcdcscrijilivc accounts of situations on the 
one hand nor the rules of number combination on the otlier taken alone 
are adequate to a complete understanding of the chief lesson nhich 
arithmetic diould teach namelv , the lesson that precision m thought and 
action can lie secured through the use of numlxir 

irAatiNG Tin otiifr rcsoun-NTiL orriuTJO\s 
The other forms of number combination and partition n3mel>, the 
processes of subtraction multiplication anddivasion were full) described 
and contrastetl with addition m Uie immediatclj preceding diapter In 
the ease of «ch of these forms of aritbrnetica) manipulation it is ncccs 
sar^, as it is m the cavj of addition, to gne attention to the number 
processes insobcd, to llic situations in vihich the annous Ijpcs of com 
bmalion or partition arc appropnalc, and to the general idea of precision 
In c\ era case the teacher must attempt to induce m tlie mind of the pupd 
the deidopment of general ideas As soon as the general ideas of the 
\-anous t\q>cs inaoUctl m the dilTercnt kiods of combination arc cstab 
Iished and the results of \ainous number groupings arc known the pupil 
i\iU ha\c a true understanding of the particular section of anthmetic 
under discussion and wall be in a position to appreciate more fuU> than 
before the liroader general idea nameh, the Idea of precision 

UTicn the numbers invoKcd in problems m anthmetic grow large and 
It becomes necessarj to canj on tbe proce'^ses of combinarioa with more 
than two digits new psj cholt^ical factors are mtroduced The expen 
ments reported m this monograph do not co\er these more elaborate 
processes A recent study b> Professor Busirell shows that there are a 
•G T Buswell withtheco-c^ralonofLcBore John Dag osleSi J tsi'iArUh 
mtl c Suppietnentary Crfucaiionxt aiono^aphs No 30. Chicago Departmeni of 
EducaUon Univer ty of Chicago 19*^ 
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that IS, the matter of curriculum construction E\ erywhere in the United 
States school systems are engaged m reorganizing the curriculum There 
IS a tendency m many quarters to thinL of arithmetic as one of the sub 
jects which can be drasticaUy reduced It is sometimes urged that aritb 
metic be cut down to the point where only jts practical applications will be 
included in the curriculum The conclusions to which the study reported 
in this monograph lead are diametrically opposed to the doctrme that 
arithmetic should be reduced to a few exercises in practical calculation 
If the experiments which have been reported prove anything they p^o^'e 
that the general ideas nhich are developed through contact mth numbers 
can be cultivated m the individual only through a broad acquamtance 
with the properties of a highly perfected number system To ehmmate 
number mstruction from the schools or to give it only a min or place vs ould 
be to suppress one of the most significant general ideas that the race has 
evolved To reduce anthmetic to a few practical applications would be to 
neglect the general idea of precise thialaag on whirh our mechanical and 
suentific civilization rests 

The issue between two fundamentally different views mth regard to 
the curriculum which are now before the school people of this country is 
nowhere clearer than m the sphere of number traming It is the issue 
between the view that the duty of the school is the cultivation of com 
prehensive general ideas and the view that the sole duty of the school is to 
tram pupils m relatively trivial particular skills There can be no doubt 
that powerful influences are at work in the pedagogical world to reduce all 
traming to the cultivation of practical and particular skiffs Fortunatelv , 
the mind of man is so organized that it generalizes Ev en if all the cumcu 
lum makers resolve to tram notlung but particular abilities pupils will 
generalize and will continue to do what the race has done throughout its 
history, that is, abstract from particular situations those aspects which 
ate most umversal Some children wilt acquire the general idea ol 
mathematical exactness oo matter how far curncuJum makers go in 
runnmg counter to human history 

HIE PLACE OF GENERAL VTOfBER IDEAS IN ilODFRN CV.lIJZATlO'i 

It Will certamly be to the advantage of the schools if the demand fora 
reduction of anthmclic is met by a vigorous counter demand for a more 
rational understanding of the place of number m the worlil of ideas and 
of Its importance to civilization Curriculum makers should be urged to 
recognize the fact that the cumculum is made for the purpose of tnining 
minds, not for the purpose of rcQecting the iminediatc needs of practical 
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tint IS, Uic mnttcr of cumculum conslfuction T vco'wherc m the United 
Stitcs <chool si^stems ire cngiged m rcorgriniring the cumculum There 
js 1 tcndoncv in nnn> rjuirJers to think of arithmetic is one of the sub 
jeeta which can \ c dnslicalU reduced It is sometimes urged that anth 
mclic be cut down to the iwint where onl) its pnetica! ippliciUons will be 
included in the cumculum The conclusions to which the stud> reported 
in tins monograph lead arc duimetncafly opposed to the doctrmc that 
irithmctic should lie reduced to a few ewrciscs tn practical calculation 
If the cxjicriments which h3\cl>ccn rcportcfl prove in> thing lhc> pro%e 
that the general ideas which are developed through contact with numbers 
can be cuUuitcd in the individual onlj through a hraid acquaintance 
with the properties of a highiv perfect^ number S)'stcm To eliminate 
number instruction from the schools or togiv e it onl> a minor place would 
be to suppress one of the mast significant general ideas tliat the race has 
evoh cd To reduce arithmetic toa fcwpraclical applications would be to 
neglect the general idea of precise thinking on which our mechanical and 
scientific civilization rests 

The issue between two fundamentally dilTercnt vaews with regard to 
the curriculum which are now before the school people of this country is 
nowhert clearer tJian m the sphere of number trauiing It is the issue 
between the vacw that Uie dut) of the school is the cultivation of com 
prehensive general ideas and Uieview that the sole dul> of the school is to 
tram pupils m relatucly trmal particular skills There can be no doubt 
that pow er/ul influences arc at work in the pedagogical world to reduce all 
tnmmg to the cultivation of practical and particular skills Fortunately, 
the nund of man is so orgamecd that it generalizes E\ en if all the curricu 
lum makers resolve to tram nothing but particular abdities pupils will 
generalize and will continue to do what the race has done tJiroughout its 
history that is abstract from particular situations those aspects wluch 
are most umversal Some children will acquire the general idea of 
mathematical exactness no matter how far cumculum makers go m 
running counter to human history 

xnc PLACE OF GENERAL NtJSIBEB IDEAS IN MODERN OVTUZATION 

It Will certainly be to the advantage of the schools if the demand fora 
reduction of arithmetic is met by a vigorous counter demand for a more 
rational understanding of the place of number m the world of ideas and 
of its importance to civilization Cumculum makers should be urged to 
recognize the fact that the cumculum is made for the purpose of training 
minds not for the purpose of reflecting the immediate needs of practical 
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HWng. There are psychological requirements which must be met in 
curriculum-making, and these are infinitely more important for the future 
of the race than are the practical adjustments of trade and industry’. 
^\'hen the Arabic numerals came into Europe, they found many skills 
highly de\ eloped, but they found little exact science In the short span of 
time which is marked by the lapse of less than four centuries, the industrial 
re\oluUon has substituted machines, p,hich are products of precision in 
thinking, for human hands, and exact science for blind trial The achiev e- 
ments of the industrial revolution would ha\e been utterly impossible 
without number It is no trivial assault on the intellectual institutions of 
the race that is made by those who would dispense with mathematical 
educarion or reduce it to a bare minimum 
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